
Alexander Vikman
13.03.2026  

  
Challenges in Modelling 

 Domain Walls  
and their  

Gravitational Wave Emission  

International Workshop on 
 “Gravitational Waves and the Early Universe:  

Accelerated Expansion, Dynamical Inhomogeneity, and Beyond” 
March 12–14, 2026,  



Very Useful Papers 

On the estimation of gravitational wave spectrum from cosmic 
domain walls 
Takashi Hiramatsu, Masahiro Kawasaki, Ken'ichi Saikawa 
e-Print: 1309.5001, JCAP  

Stability of domain walls with inflationary fluctuations under 
potential bias, and gravitational wave signatures  
Naoya Kitajima, Junseok Lee, Fuminobu Takahashi, Wen Yin	  
e-Print: 2311.14590, JCAP	 	 	 	 	                                                                                                           

https://arxiv.org/search/astro-ph?searchtype=author&query=Hiramatsu,+T
https://arxiv.org/search/astro-ph?searchtype=author&query=Kawasaki,+M
https://arxiv.org/search/astro-ph?searchtype=author&query=Saikawa,+K


Beyond freeze-in: dark matter via inverse phase transition and gravitational wave signal 	  
e-Print: 2104.13722, Phys.Rev.D 

Gravitational shine of dark domain walls  
e-Print: 2112.12608, JCAP 

NANOGrav spectral index γ=3 from melting domain walls 
e-Print: 2307.04582, Phys.Rev.D 

Revisiting evolution of domain walls and their gravitational radiation with CosmoLattice 
e-Print: 2406.17053, JCAP 

Biased domain walls: faster annihilation, weaker gravitational waves 
e-Print: 2504.07902, JCAP  

Cosmic domain walls on a lattice: Illusive effects of initial conditions  
e-Print: 2509.25367, Phys.Rev.D  

This talk is based on

Eugeny Babichev (IJCLab, Orsay) 
Ivan Dankovsky (Moscow State U. and INR)                                                      
Dmitry Gorbunov (INR and MIPT, Moscow) 
Sabir Ramazanov (ITMP, Moscow State U.)  
Rome Samanta (INFN & SSM, Naples)                             
Alexander Vikman (CEICO, FZU Prague)

https://inspirehep.net/literature/2910519


Domain Walls (DW)  
and Spontaneous Breaking of Discrete Symmetry 
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“one” domain wall per Hubble volume: 
  

ρwall ∼ MwallH3 ∼ σwall H

DW Evolution

Mwall ∼ σwall /H2

∝ T2

“Apparently, domain  
walls are cosmological  
bad news…”



Simple Challenges

physical DW thickness  lattice resolution 		 	ℓ ≃ const ∝ a

simulation cannot resolve DW at late times 	 	 	                                                                                                           

scaling regime implies one DW per Hubble volume  
simulation box grows as   

H−3 ∝ a6

a3

simulation box is too small to contain even one DW at late 
times 		 	                                                                                                           



Why isn't the news that bad?
DW are easy to kill

Above Pictures are from Kitajima, Lee, Murai, Takahashi, Yin (2023)
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Vilenkin (1980) 
 
Babichev, Gorbunov, Ramazanov,  
Vikman (2021) 



Why is the news good?
Cosmological DW have 

“quadrupole” evolving in time  
/ TT part of stress tensor 

June 28, 2023

Gravitation Waves Emission!



NANOGrav:  
15 year of observations of 68 millisecond pulsars,  

GW on  Hz (nHz) 10−9

For example, J0437−4715 has a period of
 0.005757451936712637 s 

with an error of   s1.7 × 10−17
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DW are also interesting as a source  
for Future Observatories

Einstein Telescope 
 Hz1 − 102

LISA/Taiji/TianQin 
  Hz10−4 − 1



Gravitational Waves

ds2 = dt2 − a2(t)(δik + hik) dxidxk hi
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Figueroa, Florio,  

Torrenti, Valkenburg

Dankovsky, Babichev, Gorbunov, Ramazanov, Vikman (2024)

GW energy density



Domain Walls with Bias 

Figueroa, Florio,  

Torrenti, Valkenburg

⟨χ (k) χ* (k′￼)⟩ =
1
2k

δ (k − k′￼)

“vacuum” initial conditions

⟨ ·χ (k) ·χ* (k′￼)⟩ =
k
2

δ (k − k′￼)

Babichev, Dankovsky, Gorbunov, 

Ramazanov, Vikman, 2504.07902

V (χ) =
λ
4 (χ2 − v2)2 + ϵχ3

⟨χ(k)χ*(k′￼)⟩ = (2π)3A(k) δ(k − k′￼)

⟨ ·χ(k) ·χ*(k′￼)⟩ = (2π)3B(k) δ(k − k′￼)

Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman, 2509.25367
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ϵ →
ϵ
λv



Fraction of the false vacuum 

Vbias = V (+v) − V (−v) ≃ 2ϵv3

Vbias ≃ σwallHStandard estimation tann ≃ V−1
bias

tann ≃ V−2/3
bias

Decay of the DW network

p = 3?

Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman, 2504.07902

ℱfv =
1
2

exp −( τ
τann )

p



Scaling Parameter Evolution

Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman 2504.07902

ξ =
ρdw

2σdwH
=

At
aV



Boundary / Initial Conditions ? No Biasξ = 1.2

Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman, 2509.25367



Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman, 2509.25367

Boundary / Initial Conditions ? No Biasξ = 1.2



GW from Domain Walls with Bias 

Figueroa, Florio,  

Torrenti, Valkenburg

⟨χ (k) χ* (k′￼)⟩ =
1
2k
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“vacuum” initial conditions
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k
2

δ (k − k′￼)

kn+

kn+ kn−

kn− L

S

n+(28) = 2.4 ± 0.07

n−(35) = − 0.76 ± 0.02
L

n+(27) = 1.88 ± 0.13

n−(35) = − 0.83 ± 0.01
S

Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman (2025)

Ωgw (f, t) =
1

ρtot (t) (
dρgw

d ln f )

τgw ≃ 1.8 τann



Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman, 2509.25367

GW peak dependence on initial conditions 



Babichev, Dankovsky, Gorbunov, Ramazanov, Vikman, 2509.25367

GW 



Substantially weaker GW !

Ωgw,peack ∝
1

ϵ4/3
Babichev, Dankovsky, 

Gorbunov, Ramazanov, 

Vikman (April 2025)

instead of “usual”

Ωgw,peack ∝
1
ϵ2

Cyr, Cotterill, Battye(2025);  

Notari, Rompineve, Torrenti(2025); 

Ferreira, Notari, Pujolas, Rompineve (2024)





 -symmetric DM scalar field   coupled to 
  - a multiplet of N thermal degrees of freedom

Z2 χ
ϕ

V =
1
2 (M2 − g2ϕ†ϕ) ⋅ χ2 +

λ
4

χ4

portal coupling

increasing during preheating,  
then red-shifting μ2 = g2⟨ϕ†ϕ⟩ ≃

Ng2T2

12

tachyonic thermal mass 
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λ
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potential bounded 
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weak coupling 
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Direct Phase Transition

Early universe spontaneously Broken Phase

μ > M

+χmin−χmin

Domain Walls!

μ ≳ H
Avoid too much friction to start rolling

Ti ≃ g MPl
N

g*(Ti)

N
12

gTi ≃
π2g*

90
T2

i

Mpl

×
1

B
Correction 
taking into 

account time 
to get to the 

minimum 



Veff ≃
λ ⋅ (χ2 − η2)2

4

Tension/energy per unit surface     σwall =
2 2λ

3
η3(T )

ρwall ∼ σwall H ∝ T5

Melting 
Domain 

Walls

Usual Constant 
tension DW 
ρwall ∝ T2

melting away as  !∝ T3

η(T ) ≃ g
N

12λ
T

In the scaling regime one domain wall per Hubble volume: 
  

s′￼′￼− ∂2
i s + s (s2 − 1) = 0

Evolution is effectively in Minkowski spacetime s = aχ



Dankovsky, Babichev, Gorbunov, Ramazanov, Vikman 

(October 2024)

Figueroa, Florio,  

Torrenti, Valkenburg

⟨χ (k) χ* (k′￼)⟩ =
1
2k

δ (k − k′￼)

“vacuum” initial conditions

⟨ ·χ (k) ·χ* (k′￼)⟩ =
k
2

δ (k − k′￼)

Melting Walls 



Figueroa, Florio,  

Torrenti, Valkenburg

Dankovsky, 

Babichev, 

Gorbunov, 

Ramazanov, 

Vikman  

(October 2024)

V V

V V

r =
S (closed walls)

S(long wall)
≃ 0.3

Closed walls are important! 
   

Melting Walls,  
to scale or not to scale!  



Gravitational Waves, Melting Walls

At the scaling peak    

Ωgw( f0) =
1

ρtot (t) (
dρgw

d ln f ) ∼
σ2

wall

T4
∼ T2 ∼ f2

0



�=1, N=4
�=1, N=24
�=100, N=4
�=100, N=24

cLI
ET

LISA

vSKA
cLIIPTA

cLISA

c
L
I
S
A

(P
ow

er
 S

pe
ct

ra
l D

en
si

ty
 / 

H
z−1

)

cLISA
10−8 10−6 10−4 10−2 100 102 10410−10

Frequency / Hz

cLISA

�=1, N=4
�=1, N=24
�=100, N=4
�=100, N=24

cL
IS
A

10−26

10−22

10−18

10−14

10−10

10−6

fpeak ≃ 6 nHz ⋅ N ⋅
g

10−18
⋅ ( 100

g*(Ti) )
1/3

Ωgwh2(t0) ≃
4 ⋅ 10−14 ⋅ N4

β2
⋅ ( 100

g*(Ti) )
7/3

Ωgw(t0)H2
0 ≡

2π2f3
gw

3
⋅ Sh

10−18 ≲ g ≲ 10−8

gwplotter

β = λ/g4

Scanning the 
peak of melting 

DW

Babichev, 
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Ramazanov, 

Vikman  

(2021)



GW from Melting Domain Walls 

Dankovsky, Babichev, Gorbunov, Ramazanov, Vikman (October 2024)

Figueroa, Florio,  

Torrenti, Valkenburg

fpeak ≃ 2H (τsc)



ΩGW( f ) = Ωyr (f /fyr)
5−γ

,

Perfect for 
NANOGgrav

The 100-meter Green Bank Telescope, the world's largest fully steerable telescope and a core instrument 
for  pulsar timing array experiment. 

parameters  ,  ,  ,   g = 10−18 β = λ /g4 = 1 N = 24 g* = 75
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ℒ =
(∂χ)2

2
− (M2 − μ2(t, x)) ⋅ χ2

2
−

λχ4

4

Inverse Phase Transition At Meltdown

Tachyonic mass    
slowly decreases / 

redshifts  
due to cosmological 

expansion

μ(t)

Early Universe 
spontaneously Broken Phase with VEV slowly moving

μ < M

−χmin +χmin

μ > M

H < M
for Hubble parameter

Late Universe 
 DW melt down and disappear  

then oscillations around restored symmetric vacuum

χmin (t) =
μ2 (t) − M2

λ
scalar field  

traces vacuum 

·Meff

M2
eff

≪ 1as long as



Allowed Parameter Space

M ≃ 10−13 eV ⋅
β3/5

N
⋅ ( g*(T*)

100 )
2/5

⋅ ( g
10−18 )

7/5

NANOGrav



A bridge between  
NANOGrav and LIGO!

Mχ ≃ 10−12 eV ⋅ B9/20 ⋅ (
g*(Tsym)

100 )
1/5

⋅ ( g*(Ti)
100 )

1/20
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⋅ ( 10−8

Ωgw,peakh2
0 )

3/20

MBH ≃ 102M⊙Superradiance for Just on on edge of LIGO!

image credit: LIGOimage credit: NRAO/AUI/NSF



e-Print: 2510.17967 [gr-qc] 



Thanks a lot for attention!


