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1974 Predecessor organization formed
1989 LEP-OPAL experiment
1994 Re-established as ICEPP
2008 LHC & MEG experiments
2021 Quantum-AI Technology division 

formed
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Physics research and 
computational science 
with Qubit technologies

Quantum AI

東京大学素粒子物理国際研究センターは2024年に50周年を迎えます。

1974年 理学部附属高エネルギー物理学実験施設発足
初代施設長 小柴昌俊

1984年 理学部附属素粒子物理国際センターへ改組
スイス・欧州合同原子核研究機構(CERN)へ

1994年 素粒子物理国際研究センターへ改組
文部省の全国共同利用施設に認定

2002年 小柴昌俊 ノーベル物理学賞受賞

2004年 国立大学の法人化
素粒子物理国際研究センターを再組織

2010年 文部科学省より共同利用・共同研究拠点に認定

2012年 ヒッグス粒子の発見

2021年 量子AIテクノロジー研究分野を創設
量子ネイティブ育成センターを発足

小柴先生
「世界の一番高いエネルギーの加速器が

あるところに行って実験しよう」
素粒子物理学の東大発2系譜

 世界最高水準の研究機関を拠点とする国際共同実験
 国内に実験施設を建設し、拠点とする国際共同実験

国際共同実験ATLAS @CERN

国際共同実験MEG @PSI 量子プラットフォーム（研究・教育・産学連携）

副センター長

組織人員

教職員 36名

博士課程大学院生 17名

修士課程大学院生 23名

Let’s do experiment at the 
place where there is the 
highest-energy accelerator!

Koshiba-sensei

ヒッグス粒子の発見とそれからわかってきたこと
• ヒッグス粒子の発見(2012)年から今まで

• 現場の若手研究者の努力（国際的な組織での協働と競争）
• CERNにあるLHC加速器とATLAS/CMS実験装置で達成
• 予言されていた「最後の素粒子を発見」にとどまらず、
• 精密検証により「宇宙初期に宇宙中で相転移が発生し、現在の宇
宙は“凍っている”」という現代物理の筋書きを実験的に証明
• 物理学・自然観のパラダイム・シフト

• 新たな謎「我々の宇宙（真空）は本当に安定か？」ヒッグス粒子発見発表時の様子(2012)
トップクォーク質量とヒッグス質量で宇宙の安定性を考察

卓越した学知の実績推移 ※太い赤枠は本センターが貢献 センター教員による過去13年の論文業績 ATLAS実験の物理関連の論文数

論文数 1,605編

総被引用数 93,564回

Top10％論文数 760編（Ｑ値＝47.4％）

Top１％論文数 168編

FWCI 4.05

1227
1200編を突破!

2012 2016 2020 202220182014
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4. 地球規模の課題解決への取組
6. 卓越した学知の構築
7. 産学協創による価値創造
8. 責任ある研究

10. 国際感覚をはぐくむ教育
12. 大学院教育：高い専門性と

実践力を備え次世代の課題に
取り組む人材の育成

13. 若手研究者の育成

16. 安心して活動でき世界の誰も
が来たくなるキャンパス

19. 社会への場の広がり
20. 国際的な場の広がり

素粒子物理国際研究センターの強みを生かした UTokyo COMPASS 「10の目標」 コミットメント

第４期中期目標・中期計画期間に発展させる3つの重点施策

① 東京大学CERN-LHC研究拠点を生かした教育・研究機能の強化
② 東京大学地域解析センターの次世代大規模コンピューターモデル開発
③ 未来構想事業に直結した東京大学量子イニシアティブ構想の進展

【特記事項】
 量子研究に関する共同研究費(IBM, 国内企業)や
    受託研究費(JSTさきがけ2課題)＋科研費(学術変革A・
基盤研究B)の採択により、財源の多様化が進行

 共創の場形成支援プログラム（COI-NEXT）参加
 先端共同研究推進事業（ASPIRE）

TopチームのためのASPIREに採択
 概算要求: 人類共通の叡智を拓く国際的な素粒子研究

運営費交付金
32%

科研費
33%

受託研究費
10%

共同研究費
23%

その他補助金2%

研究費獲得状況

Higgs discovery (2012)
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Fig. 1. Circuit diagram of our Toffoli gate decomposition. See the text for
the definition of the X� and X+ gates. The CNOT gates are denoted with
the state label (1) of the control qubits for clarity.

tended relative phase offsets between the three basis states. In
previous works reporting successful implementations of two-
qutrit gates, these phase errors are suppressed via a dedicated
hardware design, and/or corrected through careful calibration
and in some cases ad-hoc direct phase adjustments [9]. This
makes it nontrivial to generalize and scale up the reported
schemes over a large device and an extended duration of time.

In this poster, we propose a novel all-microwave implemen-
tation of a qutrit-based Toffoli gate that can be deployed on
existing devices, but is free of phase errors without requir-
ing frequent calibrations. The main contributions in the new
scheme are a stable-phase two-qutrit generalized CNOT gate
and a dynamical decoupling (DD) sequence that automatically
corrects the pulse phase errors of single qutrit gates. The full
pulse sequence is verified on IBM Quantum machines, where
we measure the gate fidelity via quantum process tomography.

II. THE TOFFOLI GATE PULSE SEQUENCE

In the following, we outline the components that constitute
our Toffoli gate implementation. The Toffoli gate is decom-
posed into an X� gate, three CNOT gates, and an X+ gate,
as shown in the circuit diagram in Fig. 1. A linear device
topology is assumed. The X+ and X� gates are defined as

X+ = X⌅,

X� = ⌅X,
(1)

where X is the standard qubit-space X gate and ⌅ is its
counterpart in the |1i $ |2i subspace. As is evident from
the circuit diagram, only the second control line is operated in
the qutrit space and thus is affected by the phase errors arising
from charge fluctuation and AC Stark shift.

A. Single qutrit operations

Single qutrit gates are effected with microwave drive pulses
oscillating at the |0i $ |1i and |1i $ |2i transition fre-
quencies, which induce Rabi oscillations between the corre-
sponding energy states. The generators for the respective Rabi
oscillations are denoted in the (|0i , |1i , |2i) basis as

x =

2

4
0 1 0
1 0 0
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When the amplitude and duration of the drive pulse is tuned to
advance the Rabi oscillation phase by ⇡, the unitary matrices
of the resulting gates are

X ⌘ exp
⇣
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2
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Qutrit phase gates are realized in the exact same way as for
qubits, by shifting the phase of the drive pulse (the “virtual-
Z gate”) [12]. Phase shifts of the two drive frequencies
correspond to gates generated by

z =

2

4
1 0 0
0 �1 0
0 0 0

3

5 and ⇣ =

2

4
0 0 0
0 1 0
0 0 �1

3

5 . (5)

B. Qutrit echoed cross-resonance CNOT

The central CNOT gate in the circuit diagram of Fig. 1 must
be generalized, i.e., must apply an X gate to the target qubit
only when the control qutrit is in the |1i state, and otherwise
act as identity. Furthermore, we require that this gate be robust
against phase errors. We describe how such a gate can be
implemented using echoed cross-resonance (CR) drives.

A CR drive is a drive signal applied to a qubit at the
transition frequency of another, coupled qubit [13], [14]. In
the qubit subspace, the effective Hamiltonian of the CR tone
includes a zx term, from which the CNOT gate can be
constructed with the first qubit as the control. On a qutrit pair,
the dominant terms of this effective Hamiltonian are

H
±
CR = ⌫zI

zI

2
± ⌫zx

zx

2
+ ⌫⇣I

⇣I

2
± ⌫⇣x

⇣x

2
± ⌫Ix

Ix

2
, (6)

where I is the identity operator, and terms with both signs
change their polarity when the drive phase is shifted by ⇡.

The zI and ⇣I terms above are due to the AC Stark
shift of the |0i $ |1i and |1i $ |2i transition frequencies,
respectively, of the control qutrit. Their coefficients ⌫zI and
⌫⇣I are quadratically dependent on the drive strength and
are typically on the order of tens of megahertz, which is
an order of magnitude greater than ⌫zx and ⌫⇣x, whose
corresponding operators are responsible for entangling the two
qutrits. Therefore, the zI and ⇣I terms must be cancelled, but
the sensitivity of ⌫⇣I to random charge errors in the second
excited state renders a direct correction via e.g. a calibrated
Rz gate not viable for a robust gate design. We instead opt for
generalizing the echoed CR, which is commonly employed on
qubits to cancel the zI term, into a sequence depicted in Fig. 2.
In the circuit diagram, CR(±T ) represents the gate effected
by applying a normal and sign-inverted cross resonance drive
for time T with a simultaneous qubit-resonant rotary drive on
the target qubit.

To convince ourselves that this sequence indeed cancels the
AC Stark terms, we first denote the CR effective Hamiltonian
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eventually interested in continuum and infinite volume
limit. We provide additional results in Appendix B to show
the dependence of accuracy on the system size and lattice
spacing. As for system-size dependence, we observe that
the accuracy gets worse with increasing N, though we can
achieve F > 0.9 at least up to N ¼ 8 only with L ≤ 3.
Further investigation of the scaling would require the large
size simulation possibly with improved algorithms, which
we leave for the future works.

V. SUMMARY AND DISCUSSION

In this work, we demonstrated a possible application of
the variational quantum algorithm to a gauge theory.
Specifically, we investigated the real-time dynamics in
the Schwinger model after suddenly turning on the external
electric field, by combining VQE and VQS methods. We
performed the (classically-emulated) state-vector simula-
tion and found that the results obtained from the quantum
algorithms are consistent with those obtained from ED. Our
simulation results can be interpreted as a population of a
particle-antiparticle pair induced by the external field.
There aremany possible future directions. This paper used

the original algorithm proposed by Li and Benjamin [66].

There are two main drawbacks to this approach: First, the
matrix M can be singular or ill-conditioned in practice,
leading to unstable trajectories. Workarounds such as regu-
larization add a parameter that must be tuned. Secondly,
computing the each entry of M requires OðN2

pÞ calls to the
quantum computer where Np is the number of parameters.
There aremany attempts toovercome this problem [71–83]. It
would be important to see if these methods can improve our
simulation results in termsof accuracy andmeasurement cost.
Toward an implementation on real quantum devices, it is

important to understand the effects of hardware noise and
statistical error coming from a finite number of measure-
ments. Besides, combination with error mitigation methods
can be an essential ingredient.
Finally, it would be interesting to consider an extension to

the higher-dimensional and/or non-Abelian gauge theory.
For this purpose, a careful search for an ansatz that is efficient
and preserves gauge invariance during simulation can be
crucial.
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FIG. 4. Dynamics of physical observables for N ¼ 4, a · g ¼ 1.0,m=g ¼ 1.0, q ¼ 2.0 with L ¼ 3 and δ ¼ 0.01. Dots/error bars show
the median and 25–75 percentiles of 20 samples: (a) electric field, (b) chiral condensate, (c), (d) ratio between the values of observables
obtained from ED and VQS.
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 Fully symmetric circuit 
• Rotations handled by dot products

• Permutations handled by twirling.
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実際の姿 シリコン基板上にアルミの薄膜

PRACTICAL GUIDE FOR BUILDING SUPERCONDUCTING... PRX QUANTUM 2, 040202 (2021)
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FIG. 3. Dispersive coupling between a transmon and a superconducting resonator. (a) Lumped-element representation of a
Josephson junction and a sketch of its structure, which consists of two layers of aluminium (gray) that are separated by an aluminium
oxide tunnel barrier (white). (b) A SEM image of a bridge-free junction. Image credit: Kyle Serniak (Yale University). (c) Lumped-
element representation of a LC circuit capacitively coupled to a single-junction transmon and the associated the potential of each mode
and the dressing of the energy levels due to the dispersive interaction. (d),(e) Two examples of physical realizations of a transmon
device dispersively coupled to a superconducting cavity in either the planar (d) or 3D configuration (e).

provides the drive and measurement tones to the system.
Here, ain(t) and aout(t) represent, respectively, the incom-
ing and outgoing field of the transmission line where it
interacts with our circuit. The fields at different times are
not related, such that

[
aout(t), a†

out(t′)
]

=
[
ain(t), a†

in(t
′)
]

=
δ(t − t′). This implies ain and aout have dimension t−1/2.

A detailed balance of the field results in the following
input-output relation:

aout = ain + √
κca, (8)

where κc is defined as the frequency-independent cou-
pling rate at which the oscillator exchanges energy with
the transmission line, and can be experimentally character-
ized for each setup. Here, we choose the sign convention
following the approach in Ref. [48]. With the incoming
and outgoing fields taken into account, we arrive at the
following differential equation for a(t) in the Heisenberg
picture:

∂ta = − i
! [a, H] − κ

2
a − √

κcain. (9)

This expression is called the quantum Langevin equation
[49]. It includes two new terms: the first one corresponds
to a damping of the field at rate κ/2, with κ = κc + κi,
where κi is the coupling rate between the system and the
uncontrolled environment usually called the internal loss
rate; the second term,

√
κcain, referred to as “drive” or

“pump,” is vital for a to obey the same usual commuta-
tion relation

[
a, a†] = 1 at all times despite the damping

term. As an alternative to the quantum Langevin equation,
the Lindblad master equation can also be used to describe
such dissipative systems [49,50]. However, the quantum

Langevin equation is more suited to describe the traveling
fields that we consider here.

While ain is necessary in order for us to control the state
of the resonator, it also introduces undesired fluctuations
in its field. To mitigate this, we typically operate in the
“stiff-pump” regime, where κc is negligible compared to
the frequency of the resonators, but the expectation value
of

√
κcain can be large compared to κc. This way, we have

ain = āin + a0
in, where a0

in represents the negligible fluctua-
tions of the field and āin its average value. In the stiff-pump
approximation, a drive is modeled with the Hamiltonian

Hd

! = ϵ(t)a† + ϵ(t)∗a, (10)

with ϵ(t) = √
κcāin.

B. Josephson junction
Superconducting resonators alone do not provide a use-

ful medium for encoding quantum information. This is
because the energy levels of a resonator are separated by
an equal spacing of !ω, forbidding us from addressing the
transitions individually. Thus, we must introduce a nonlin-
ear element in order to achieve universal quantum control
of the circuit.

In cQED, the most ubiquitous source of nonlinearity
is a Josephson junction (JJ), favored for its simplicity
and nondissipative nature. This element is made of two
superconducting electrodes separated by an insulating tun-
nel barrier, represented in Fig. 3(a). In practice, JJs are
typically fabricated by overlapping two layers of supercon-
ducting films with an oxide barrier in between. The area of

040202-5
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超伝導量子回路、
量子光学・非線形光学、ブラックホール

研究分野

日本物理学会、応用物理学会

所属学会

スピントロニクス、XFEL、超強磁場現象

追求したい物理

稲田聡明 助教

量子コンピュータに纏わる超伝導・光デバイ
スの開発を行なう。また種々の量子センサー
を用いて、人工ブラックホールや重力の量子
性に関する研究およびアクシオンの探索を行
なう。

超伝導量子回路、ダークマター探索、
物理解析

研究分野

日本物理学会

所属学会

究極理論に向けた邁進と、
その道具としていろんな物理の境界領域

追求したい物理
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NISQ時代の超伝導量子コンピュータの基礎
物理実験への応用研究を模索する。量子シミ
ュレーションと量子ビットがノイズに脆弱な
ことを逆手にとり、高感度センサーや粒子検
出器として使える可能性を探る。

量子コンピュータの発展的利用法の
考案と素粒子物理学への応用の検討

研究分野

日本物理学会
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量子力学の本質を素粒子を通じて探る
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飯山悠太郎 助教

量子コンピュータや機械学習を素粒子物理学
に応用する手法を模索する。量子デバイスの
制御から、基本的な量子アルゴリズム、アプ
リケーション開発に至るまで、素粒子物理の
知見を取り入れた研究を展開する。

量子コンピュータ、素粒子理論

研究分野

日本物理学会
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やアルゴリズムの改良を行なう。また、計算
資源や計算精度を評価し、それらの改善方法
を模索する。

量子アルゴリズム開発、物理解析
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日本物理学会

所属学会
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特に暗黒物質の発見と正体解明

追求したい物理
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量子コンピュータ回路や量子アルゴリズムの
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ー加速器実験におけるオブジェクトや事象再
構成への応用可能性を模索し、トリガーとし
ての実用可能性も検討する。

超伝導量子回路、アクシオン、重力波

研究分野

日本物理学会
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超伝導量子ビットの素粒子物理実験への応用
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た超高感度の単一光子検出器を開発し、暗黒
物質アクシオンや高周波数重力波を探索する。
量子コンピュータ実習等の教育も担う。

物理解析、機械学習、量子コンピュータ
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アルゴリズムの開発と改良
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Wai Yuen Chan 特任研究員

量子コンピュータの素粒子物理研究への応用
を目指す。量子アニーリングと機械学習によ
る粒子飛跡再構成に取り組む。また、ハドロ
ンジェットの再構成やフレーバー同定への応
用を模索している。
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Basics of Quantum Computation 
~  Qubit, Gate, Circuit and Quantum Algorithms ~

ICEPP, The University of Tokyo 
Koji Terashi
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KMI School 2024 
Quantum Computing for Particle Physics and Astrophysics

Nagoya University, March 5, 2024



Outline of the Lecture

1. Basics of Quantum Computation 
2. Representing Physical System, Dynamics Simulation 
3. Variational Quantum Algorithm, Quantum Machine Learning 
4. Quantum Computing Applications to HEP 
5. Superconducting Qubits, Gate Operation, Microwave Pulse  
6. Transom Qubits, Fabrication, Quantum Sensing Application
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Strengths and Weaknesses of Quantum Computing 

Zahid Hussain 
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Quantum Bits = Unit of quantum information processing: 
• A minimal quantum system that can represent two different states（e.g,  and ） 

- e.g, Spin up/down, Longitudinal/transverse polarization of light, Clockwise/Anti-clockwise rotation of current 

• Can represent arbitrary superposition of  and  states 
• Single-qubit state = A vector in 2-dimensional complex space 
• Unitary operator (matrix) can change the state of qubits

|0⟩ |1⟩

|0⟩ |1⟩

Quantum Bits

|0⟩ = (1
0) |1⟩ = (0

1)



6

|0⟩ = (1
0) |1⟩ = (0

1)

 as an arbitrary 
superposition state 
•  are complex values  ➔ Amplitude 

• Obtain 0(1) with probability ( ) by measuring  

• 3 degrees of freedom ( )

|ψ⟩ = α |0⟩ + β |1⟩ = (α
β)

α, β
|α |2 |β |2 |ψ⟩

|α |2 + |β |2 = 1

Quantum Bits

Strengths and Weaknesses of Quantum Computing 

Zahid Hussain 

Quantum Bits = Unit of quantum information processing: 
• A minimal quantum system that can represent two different states（e.g,  and ） 

- e.g, Spin up/down, Longitudinal/transverse polarization of light, Clockwise/Anti-clockwise rotation of current 

• Can represent arbitrary superposition of  and  states 
• Single-qubit state = A vector in 2-dimensional complex space 
• Unitary operator (matrix) can change the state of qubits

|0⟩ |1⟩

|0⟩ |1⟩
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A quantum state of an isolated qubit can be shown as a unit vector pointing to 
the surface of a sphere (Bloch sphere)

|ψ⟩ = eiγ(cos(θ/2) |0⟩ + eiϕ sin(θ/2) |1⟩)|ψ⟩ = α |0⟩ + β |1⟩

Quantum Bits

(Smite-Meister - CC BY-SA 3.0) 



(Smite-Meister - CC BY-SA 3.0) 
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Quantum Bits

Multi-qubit system often written as 

 |k⟩n−1⋯ | j⟩1 | i⟩0 = |k⋯ji⟩ (i, j, ⋯, k = {0,1})

• Global phase  not contribute to the measurement ( ) 
- 2 degrees of freedom relevant for a measurement 

• Superposition state with latitude ( ) and longitude 
( ) 

• Relative phase of  to  = 

γ |eiγ |2 = 1

0 < θ < π
0 < ϕ < 2π

|1⟩ |0⟩ eiϕ

A quantum state of an isolated qubit can be shown as a unit vector pointing to 
the surface of a sphere (Bloch sphere)

|ψ⟩ = eiγ(cos(θ/2) |0⟩ + eiϕ sin(θ/2) |1⟩)|ψ⟩ = α |0⟩ + β |1⟩
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Unitary operation to transform a quantum state of closed qubit system 
• -qubit Unitary operation ➔  matrix multiplicationn 2n × 2n

Quantum State Manipulation

Isolated -qubit system fully described by a state vector:n

|ψ⟩ =
2n−1

∑
i=0

ci | i⟩ ci ∈ ℂ2n

 for unitary ⟨ϕ |ϕ⟩ = ⟨ψ |U†U |ψ⟩ = ⟨ψ |ψ⟩ U|ψ⟩ → U |ψ⟩ =: |ϕ⟩

Classical state-vector simulation ➔ Directly calculate matrix-vector multiplications



A Quantum Engineer’s Guide to Superconducting Qubits 
arXiv:1904.06560
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Single-qubit rotation around  axesX, Y, Z

RX(θ) =
cos θ

2 −i sin θ
2

−i sin θ
2 cos θ

2

RY(θ) =
cos θ

2 −sin θ
2

sin θ
2 cos θ

2

RZ(θ) = [e−iθ/2 0
0 eiθ/2]

(    )

(    )

(    )

(     )
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       |1〉
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gate: 
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qubit state by 
π radians 
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the x-axis. 
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GATE
CIRCUIT
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MATRIX

REPRESENTATION
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TABLE
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https://arxiv.org/abs/1904.06560
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180º

z

y

x

180º

180º

Single-Qubit Gate A Quantum Engineer’s Guide to Superconducting Qubits 
arXiv:1904.06560

 and  gates to shift phases 
 gate for creating superposition

S T
H

https://arxiv.org/abs/1904.06560
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Gates to create entangled 
states

step 1 step 2

1

2
( |0⟩ + |1⟩) |0⟩step 1

step 2
1

2
( |00⟩ + |11⟩)

|0i H •

|0i X

Write  as |0⟩ |0⟩ |00⟩
 state cannot be written as a 

product of two qubit states “ ”

1

2
( |00⟩ + |11⟩)

|a⟩ ⊗ |b⟩

➞ Entanglement

Controlled-NOT gate: 
apply an X-gate to the 
target qubit if the 
control qubit is in state 
|1〉

Input

|00〉
|01〉
|10〉
|11〉

Output

|00〉
|01〉
|11〉
|10〉

Input

|00〉
|01〉
|10〉
|11〉

Output

|00〉
|01〉
|10〉

|11〉

Controlled-phase gate: 
apply a Z-gate to the 
target qubit if the 
control qubit is in 
state |1〉

GATE
CIRCUIT

REPRESENTATION

MATRIX

REPRESENTATION

TRUTH

TABLE

Z 

CNOT = 

1
0
0
0

0
1
0
0

0
0
0
1

0
0
1
0

CPHASE = 

1
0
0
0

0
1
0
0

0
0
1
0

0
0
0
–1

Control bit

Target bit

Controlled-  gate with 
control qubit  and target 
qubit  generally written 

as  

U
i

j
Ci

j[U]

Two-Qubit Gate



Basis and Measurement

13

Given a state  written in some basis states , the measurement outcome of 

 in the  basis is  with the probability 

|ψ⟩ =
2n−1

∑
i=0

ci | i⟩ | i⟩

|ψ⟩ | i⟩ i |ci |
2

Usually quantum computer is measured in the computational basis (or  basis) : Z | i⟩ = {0,1,⋯,2n−1}



Equivalent to changing the basis to  basis and 
measuring the state in computational basis:  

X

Basis and Measurement

14

Nothing special about the basis in terms of quantum computation

Consider  basis :   , X | + ⟩ := H |0⟩ =
1

2
( |0⟩ + |1⟩) | − ⟩ := H |1⟩ =

1

2
( |0⟩ − |1⟩)

|ψ⟩ = a |0⟩ + b |1⟩ =
1

2
(a + b) | + ⟩ +

1

2
(a − b) | − ⟩

Measure  in  basis with the probabilities ± X
(a ± b)2

2

|ψ⟩ → H |ψ⟩ =
1

2
(a + b) |0⟩ +

1

2
(a − b) |1⟩

Usually quantum computer is measured in the computational basis (or  basis) : Z | i⟩ = {0,1,⋯,2n−1}

Given a state  written in some basis states , the measurement outcome of 

 in the  basis is  with the probability 

|ψ⟩ =
2n−1

∑
i=0

ci | i⟩ | i⟩

|ψ⟩ | i⟩ i |ci |
2



H

X

Hq0

q1

C

U

Quantum Bits

Classical Bits

Quantum Gates
Measurement

Processed from left to right

‣ Construct quantum circuit by arranging quantum gates in order defined by a quantum algorithm 

‣ Prepare an initial state and process the state by quantum circuit 

‣ Measure the output state, resulting in a collection of classical bits

15

A circuit is expressed by matrix 
multiplications to the initial state:

acting from right to left

H0C0
1[U]X1H0 |0⟩1 |0⟩0

Gate-based quantum computing in quantum circuit model

Quantum Circuit
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① Perform parallel computation using superposition states

|000〉

|001〉

|010〉

|011〉

|100〉

|101〉

|110〉

|111〉

4月

5月

6月

7月

0 60

110 == 2


Classical Quantum

Superposition

H⊗n|0⟩

Uf

x

y ⊕ f(x)

x

y|0⟩

n

1

2n

2n−1

∑
x=0

|x⟩ | f(x)⟩

1

2n

2n−1

∑
x=0

|x⟩

-qubit registern

Equal superposition state of  
computational basis states

2n

{ |00⋯00⟩, |00⋯01⟩, ⋯, |11⋯11⟩}

    qubits  ➞  states 
    qubits  ➞  trillion states 

 qubits  ➞ states of the number of  
                             all atoms in the Universe

10 1000
50 1000

300

A single unitary operation, acting as , 

will allow us to calculate  for all  simultaneously 
 (though there is a caveat)

Uf : |x⟩ |y⟩ → |x⟩ |y ⊕ f(x)⟩
f(x) x′ s

Quantum Computation (I)
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② Increase information capacity by using entangled states

?

Measuring 
a qubit…

affects the 
other

Entanglement A quantum state such as  is maximally 

entangled, and called Bell state

1

2
( |00⟩ + |11⟩)

3-qubit maximally entangled state =  
GHZ (Greenberger-Horne-Zeilinger) state

|0i H • •

|0i X •

|0i X

1

2
( |000⟩ + |111⟩)

Toffoli gate

If qubit 1 is observed to be , qubit 2 is determined 
to be  instantly

|0(1)⟩
|1(0)⟩

Quantum Computation (II)
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③ Utilizing interference of quantum superposition for efficient computation

Interference

Periodic property of the amplitude  utilized 
to enhance correct answers 

e
2πijk

N

Manipulate quantum states so that a right (wrong) answer has 
a larger (smaller) amplitude

Quantum Computation (III)

Using phase information is crucial for quantum interference

Quantum Fourier Transform (QFT) to be learned later is 
often a key technique

| j⟩ →
1

N

N−1

∑
k=0

exp ( 2πijk
N ) |k⟩



 states computed in parallel, though almost all the 
states (or results) are unknown at the end.  
Using interference as a key to get desired answer with 
high probability

2n

Desired answer

1

2

3

4

5

6

7

8

0 140

|00⋯000⟩
|00⋯001⟩
|00⋯010⟩

|11⋯110⟩
|11⋯111⟩

1

2

3

4

5

6

7

8

0 5

-qubit quantum computern

|00⋯011⟩

1

2

3

4

0 13

1

2

3

4

0 5

 computational  
basis states
2n

19

Computation with Quantum Circuit



Inner product of two -qubit state vectors 

   ,  

n

|ψ⟩ =
2n−1

∑
i=0

ci | i⟩ |ϕ⟩ =
2n−1

∑
i=0

di | i⟩

Cauchy-Schwarz inequality: |⟨ψ |ϕ⟩ |2 ≤ ⟨ψ |ψ⟩⟨ϕ |ϕ⟩ = 1

 if  and  are the same|⟨ψ |ϕ⟩ |2 = 1 |ψ⟩ |ϕ⟩
 if  and  are orthogonal= 0 |ψ⟩ |ϕ⟩

Squared inner product = Closeness measure between state vectors 

⟨ψ |ϕ⟩ =
2n−1

∑
i=0

c*i di

Inner Product of State Vector

20

Use this property later for machine learning task



|ψ⟩

|0⟩

|ϕ⟩

H H

SWAP

Inner product by SWAP test

Squared inner product  
obtained from the probabilities of measuring 
0 and 1 on the last qubit

|⟨ψ |ϕ⟩ |2 = P0 − P1

|0⟩ Uϕ U−1
ψ

Inner product by inverse circuit

Squared inner product  obtained 
from the probability of measuring 0  

‣ Need to know the unitary to produce  and 
 from  state 

‣ Typically more cost efficient than SWAP test

|⟨ψ |ϕ⟩ |2 = P0

|ψ⟩
|ϕ⟩ |0⟩

Utilize this technique in quantum machine learning

Calculation of Inner Product

21



‣Quantum gates and circuits 

‣ Single-qubit state, superposition, entangled states 

‣ Calculation of inner products

Hands-on Exercise (I)

22



| j⟩ →
1

N

N−1

∑
k=0

exp ( 2πijk
N ) |k⟩

Quantum Fourier Transform (QFT) = One of most important subroutines for quantum algorithm

A quantum state  is transformed to | j⟩
N = 2n

Quantum Fourier Transform

23



| j⟩ →
1

N

N−1

∑
k=0

exp ( 2πijk
N ) |k⟩

Quantum Fourier Transform (QFT) = One of most important subroutines for quantum algorithm

A quantum state  is transformed to | j⟩
N = 2n

Quantum Fourier Transform

24

=
1

N

1

∑
kn−1=0

1

∑
kn−2=0

⋯
1

∑
k0=0

exp ( 2πij
N

n

∑
l=1

kn−l2n−l) |kn−l⟩

=
1

N

1

∑
kn−1=0

1

∑
kn−2=0

⋯
1

∑
k0=0

n

⨂
l=1

exp ( 2πijkn−l

2l ) |kn−l⟩

=
1

N

n

⨂
l=1 [ |0⟩ + exp ( 2πij

2l ) |1⟩]

| j⟩ →
1

N

N−1

∑
k=0

exp ( 2πijk
N ) |k⟩

k = [kn−1kn−2⋯k0]

➞ Binary representation of k

= kn−12n−1 + kn−22n−2 + ⋯ + k020



| j⟩ →
1

N

N−1

∑
k=0

exp ( 2πijk
N ) |k⟩

Quantum Fourier Transform (QFT) = One of most important subroutines for quantum algorithm

A quantum state  is transformed to | j⟩
N = 2n

Quantum Fourier Transform

25

=
1

N

n

⨂
l=1 [ |0⟩ + exp ( 2πij

2l ) |1⟩]

| j⟩ →
1

N

N−1

∑
k=0

exp ( 2πijk
N ) |k⟩ k = [kn−1kn−2⋯k0]

= kn−12n−1 + kn−22n−2 + ⋯ + k020

=
1

N [ |0⟩ + exp ( 2πij
2 ) |1⟩] [ |0⟩ + exp ( 2πij

22 ) |1⟩]⋯[ |0⟩ + exp ( 2πij
2n ) |1⟩]

Convert a number represented as a computational base into a phase  
    ➞ Possible to do numerical calculation by manipulating phases



Rk = [
1 0

0 exp ( 2πi
2k )]Quantum circuit of QFT ➔ Shift phase of  state by |1⟩ exp ( 2πi

2k )
Quantum Fourier Transform

26

|j0i • • · · · • H |0i+ e
2⇡ij00···0/2 |1i

|j1i • • · · · H R2 |0i+ e
2⇡ij0···0/22 |1i

...
...

...
|jn�2i • H R2 · · · Rn�2 Rn�1 |0i+ e

2⇡ij0/2n�1 |1i

|jn�1i H R2 · · · Rn�1 Rn |0i+ e
2⇡ij/2n |1i



Quantum circuit of QFT

Quantum Fourier Transform
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|j0i • • · · · • H |0i+ e
2⇡ij00···0/2 |1i

|j1i • • · · · H R2 |0i+ e
2⇡ij0···0/22 |1i

...
...

...
|jn�2i • H R2 · · · Rn�2 Rn�1 |0i+ e

2⇡ij0/2n�1 |1i

|jn�1i H R2 · · · Rn�1 Rn |0i+ e
2⇡ij/2n |1i

j = [ jn−1⋯j1j0] = jn−12n−1 + ⋯ + j121 + j020| jn−1⟩ → |0⟩ + exp [ 2πij0
2n

+
2πij1
2n−1

+ ⋯ +
2πijn−2

22
+

2πijn−1

21 ] |1⟩ = |0⟩ + exp [ 2πij
2n ] |1⟩

| jn−2⟩ → |0⟩ + exp [ 2πij0
2n−1

+
2πij1
2n−2

+ ⋯ +
2πijn−3

22
+

2πijn−2

21 ] |1⟩ = |0⟩ + exp [ 2πij′ 

2n−1 ] |1⟩ j′ = [0jn−2⋯j0] = jn−22n−2 + ⋯ + j020

| j0⟩ → |0⟩ + exp [ 2πij0
21 ] |1⟩ = |0⟩ + exp [ 2πij′ ′ ⋯′ 

21 ] |1⟩ j′ ′ ⋯′ = [0⋯0j0] = j020

HR2Rn Rn-1

Rk = [
1 0

0 exp ( 2πi
2k )] ➔ Shift phase of  state by |1⟩ exp ( 2πi

2k )



Quantum circuit of QFT

Quantum Fourier Transform

28

|j0i • • · · · • H |0i+ e
2⇡ij00···0/2 |1i

|j1i • • · · · H R2 |0i+ e
2⇡ij0···0/22 |1i

...
...

...
|jn�2i • H R2 · · · Rn�2 Rn�1 |0i+ e

2⇡ij0/2n�1 |1i

|jn�1i H R2 · · · Rn�1 Rn |0i+ e
2⇡ij/2n |1i

Computational cost of Fourier transform for  numbers: 

‣ Classical Fast Fourier Transform =  

‣ Quantum Fourier Transform =   ➡  Exponential speed-up!

2n

𝒪(n2n)
𝒪(n2)

However, one cannot directly obtain amplitude in quantum computation 

        How can we exploit this speed-up in quantum algorithms?

See later the case of speed-up by using QFT as a subroutine

Rk = [
1 0

0 exp ( 2πi
2k )] ➔ Shift phase of  state by |1⟩ exp ( 2πi

2k )



E.g, assume we want to perform  |0⟩out |b⟩in2 |a⟩in1 → |a + b⟩out |b⟩in2 |a⟩in1

Addition by Quantum Fourier Transform

29

Can utilize accumulation of phases as a means of addition



E.g, assume we want to perform  |0⟩out |b⟩in2 |a⟩in1 → |a + b⟩out |b⟩in2 |a⟩in1

|0⟩out |b⟩in2 |a⟩in1 →
1

2n

2n−1

∑
k=0

|k⟩out |b⟩in2 |a⟩in1

→
1

2n

2n−1

∑
k=0

exp ( 2πi(a + b)k
2n ) |k⟩out |b⟩in2 |a⟩in1

→ |a + b⟩out |b⟩in2 |a⟩in1

1) Create equal superposition state 
in  registerout

2) Apply  gates controlled by  
and  registers to  register, 
making a phase shift that 
depends on  in  register

P in1
in2 out

k out

3) Apply inverse QFT to  registerout

Addition by Quantum Fourier Transform

30

Can utilize accumulation of phases as a means of addition



Given a unitary operator  and the eigenvector  with , 

can we estimate the phase  of the eigenvalue ?

U |ψ⟩ U |ψ⟩ = e2πiθ |ψ⟩
θ e2πiθ

Quantum Phase Estimation

31

Quantum Phase Estimation (QPE)



1

2
( |0⟩ |ψ⟩ + |1⟩ |ψ⟩)

1

2
( |0⟩ |ψ⟩ + |1⟩e2πiθ |ψ⟩)

1
2 [(1 + e2πiθ) |0⟩ + (1 − e2πiθ) |1⟩] |ψ⟩

step 1

step 3

step 2

Single-qubit QPE corresponds to the following circuit:

Quantum Phase Estimation

32

Given a unitary operator  and the eigenvector  with , 

can we estimate the phase  of the eigenvalue ?

U |ψ⟩ U |ψ⟩ = e2πiθ |ψ⟩
θ e2πiθ

Quantum Phase Estimation (QPE)

|0i H • H

| i U

step 1 step 3step 2



1

2
( |0⟩ |ψ⟩ + |1⟩ |ψ⟩)

1

2
( |0⟩ |ψ⟩ + |1⟩e2πiθ |ψ⟩)

1
2 [(1 + e2πiθ) |0⟩ + (1 − e2πiθ) |1⟩] |ψ⟩

|0i H • H

| i U

step 1 step 3step 2

step 1

step 3

step 2

Single-qubit QPE corresponds to the following circuit:

Probability of measuring  :  

    

m = {0,1}

Pm =
1 + (−1)me2πiθ

2

2

=
1 + (−1)mcos(2πθ)

2

When measuring the first qubit, the probabilities of 
measuring 0 and 1 give information about the phase θ

 is very close to  when    

        Need many measurements to extract  value

P0(1) 1(0) θ ≪ 1
θ

Quantum Phase Estimation

33

Given a unitary operator  and the eigenvector  with , 

can we estimate the phase  of the eigenvalue ?

U |ψ⟩ U |ψ⟩ = e2πiθ |ψ⟩
θ e2πiθ

Quantum Phase Estimation (QPE)



1
2 [ |0⟩(I + U) + |1⟩(I − U)] |ψ⟩

|0i H • H

| i U

Single-qubit QPE considered as an extension of Hadamard Test

Probability of measuring  :  

    

m = {0,1}

Pm =
1 + (−1)m Re ⟨ψ |U |ψ⟩

2

Assuming the state  is decomposed with eigenstates  with eigenvalues  for |ψ⟩ |ϕ±⟩ ±1 U

Hadamard Test

34

If  is a general 1-qubit state, the probabilities of 
measuring 0 and 1 on the first qubit is given as follows:

|ψ⟩

After measuring the first qubit,  becomes an eigenstate depending on 
the measurement outcome

|ψ⟩

|ψ⟩ = c+ |ϕ+⟩ + c− |ϕ−⟩ (c± ∈ ℂ)

  for    or   for  |ψ⟩ → |ψ′ ⟩ = c+ |ϕ+⟩ m = 0 c− |ϕ−⟩ m = 1



Extending to -qubit QPEn
H •

H •
...

...
H •

| i U
2n�1

U
2n�2 · · · U

20

8
>>>>><

>>>>>:

|0i⌦n

step 1 step 2 step n+1

Quantum Phase Estimation
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U2x |ψ⟩ = U2x−1U |ψ⟩
= U2x−1e2πiθ |ψ⟩
= U2x−2e2πiθ2 |ψ⟩
= ⋯
= e2πiθ2x |ψ⟩

1

2n
( |0⟩ | + |1⟩)⊗n |ψ⟩

1

2n ( |0⟩ + e2πiθ2n−1 |1⟩) ( |0⟩ + |1⟩)⊗n−1 |ψ⟩

step 1

step n+1

step 2

1

2n ( |0⟩ + e2πiθ2n−1 |1⟩) ( |0⟩ + e2πiθ2n−2 |1⟩)⋯( |0⟩ + e2πiθ20 |1⟩) |ψ⟩

Quantum Phase Estimation
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Extending to -qubit QPEn

➞ Equivalent to QFT with  replaced by j 2nθ

H •

H •
...

...
H •

| i U
2n�1

U
2n�2 · · · U

20

8
>>>>><

>>>>>:

|0i⌦n

step 1 step 2 step n+1



1

2n
( |0⟩ | + |1⟩)⊗n |ψ⟩

1

2n ( |0⟩ + e2πiθ2n−1 |1⟩) ( |0⟩ + |1⟩)⊗n−1 |ψ⟩

step 1

step n+1

step 2

1

2n ( |0⟩ + e2πiθ2n−1 |1⟩) ( |0⟩ + e2πiθ2n−2 |1⟩)⋯( |0⟩ + e2πiθ20 |1⟩) |ψ⟩

Can obtain  by 
inverse QFT 
➔ Measure the circuit  
      output to get !!

|2nθ⟩

2nθ
Precision improved with 
increasing number of qubits, 
though so does the 
computational cost

step 1 step 2 step n+1

H •

QFT
†H •

...
...

...

H •

| i U
2n�1

U
2n�2 · · · U

20

8
>>>>><

>>>>>:

|0i⌦n

U2x |ψ⟩ = U2x−1U |ψ⟩
= U2x−1e2πiθ |ψ⟩
= U2x−2e2πiθ2 |ψ⟩
= ⋯
= e2πiθ2x |ψ⟩

Quantum Phase Estimation
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➞ Equivalent to QFT with  replaced by j 2nθ

Extending to -qubit QPEn



‣Quantum Fourier Transform 

‣ Addition by QFT 

‣Quantum Phase Estimation

Hands-on Exercise (II)

38

More details on circuit building,  transpilation, error mitigations, etc. 
at IBM Quantum Learning page, e.g, overview of how to use Qiskit

https://learning.quantum.ibm.com
https://learning.quantum.ibm.com/tutorial/qiskit-102-learn-to-use-qiskit


Backup
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Security of RSA cryptosystem based on the difficulty of prime factorization

Peter Shor, 1994

• Factorize a positive composite number  into two prime numbers 

• No efficient factorization algorithm is known in classical computation 

Computational resource increasing exponentially in  

• Shor’s algorithm can solve the problem in a polynomial resource  

 ➡ Exponential speed-up!

N

N ∼ exp [Θ(N1/3(log N)2/3]
∼ 𝒪 (N2(log N)(log log N)])

Nielsen & Chuang

40

Shor's algorithm

Shor’s Algorithm



Randomly select a co-prime   to 
a positive composite number 

a (1 < a < N)
N

Find the smallest positive integer  (order) that satisfies r
ar = 1 (mod N)

 is even number?r

Define x ≡ ar/2 (mod N)

?x + 1 ≠ 0 (mod N)

{p, q} = {gcd(x + 1,N), gcd(x − 1,N)}

YES

YES
NO

NO

Calculated in 
quantum algorithm

The rest is calculated 
classically 

Factorize a positive composite 
number  into primes ?N N = pq

If  is a remainder of dividing 
an integer  by 

y
x 3

x 0 1 2 3 4 5 6 …
y 0 1 2 0 1 2 0 …

➡ x = y (mod 3)

Shor’s Algorithm
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Factorization of N = 15

 (4-bit integer)15 = [1111]

For example, if we take a = 7

x 0 1 2 3 4 5 6 …
7x (mod 15) 1 7 4 13 1 7 4 …

Smallest integer  that satisfies 
  ➡  

r
7r = 1 (mod 15) r = 4

x ≡ 74/2 (mod 15) = 4

, thereforex + 1 = 5 ≠ 0 (mod 15)
{p, q} = {gcd(5,15), gcd(3,15)} = {5,3}

➡ 5 and 3!!

Why is the problem “Find the smallest positive integer  
(order) that satisfies ” so difficult?ar = 1 (mod N)

3x (mod 35)

2x (mod 143)

Finding period is getting 
more difficult as the 
number becomes larger

An Example

42



H
⌦4

Uf

QFT
† meas.

meas.

8<
:|xi = |0i⌦4

8<
:|wi = |0i⌦4

Oracle for |x⟩ |w⟩ → |x⟩ |w ⊕ f(x)⟩

f(x) ≡ ax (mod N)

Quantum circuit for factorization of N = 15

Uf

|xi |xi

|wi |w � f(x)i

Measurement 
register

Working 
register

Utilizing quantum 
parallelism with 
superposition states

Quantum Circuit for Shor’s Algorithm 

43



H
⌦4

Uf

QFT
† meas.

meas.

8<
:|xi = |0i⌦4

8<
:|wi = |0i⌦4

step 1 step 2 step 3 step 4 step 5

1

24

24−1

∑
j=0

| j⟩ |0⟩⊗4 =
1
4 [ |0⟩ + |1⟩ + |2⟩ + ⋯ + |15⟩] |0⟩⊗4step 1

step 2
1
4 [ |0⟩ |0 ⊕ 70 (mod15)⟩ + |1⟩ |0 ⊕ 71 (mod15)⟩ + ⋯ + |15⟩ |0 ⊕ 715 (mod15)⟩]
=

1
4 [ |0⟩ |1⟩ + |1⟩ |7⟩ + |2⟩ |4⟩ + |3⟩ |13⟩ + |4⟩ |1⟩ + ⋯ + |15⟩ |13⟩]

step 3

For example, if we get 13 by measuring the working register w

=
1
2 [ |3⟩ + |7⟩ + |11⟩ + |15⟩]

Quantum states at each step:

Quantum Circuit for Shor’s Algorithm 
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step 4

step 5 Measuring the measurement register , we will get 0, 4, 8 and 12 each with probability 1/4x

=
1
2

QFT† [ |3⟩ + |7⟩ + |11⟩ + |15⟩]

| j⟩ →
1

N

N−1

∑
k=0

e
−2πijk

N |k⟩Applying inverse QFT :

=
1
2

1

24

24−1

∑
k=0

[e
−2πi ⋅ 3k

24 + e
−2πi ⋅ 7k

24 + e
−2πi ⋅ 11k

24 + e
−2πi ⋅ 15k

24 ] |k⟩

=
1
8 [4 |0⟩ + 4i |4⟩ − 4 |8⟩ − 4i |12⟩]

H
⌦4

Uf

QFT
† meas.

meas.

8<
:|xi = |0i⌦4

8<
:|wi = |0i⌦4

step 1 step 2 step 3 step 4 step 5

Quantum Circuit for Shor’s Algorithm 
Quantum states at each step:
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H
⌦4

Uf

QFT
† meas.

meas.

8<
:|xi = |0i⌦4

8<
:|wi = |0i⌦4

H •

QFT
†H •

...
...

...

H •

| i U
2n�1

U
2n�2 · · · U

20

8
>>>>><

>>>>>:

|0i⌦n

Similarity to QPE circuit  ➡ 

　If the Oracle             of Shor’s circuit is designed to work the same as  　　 in QPE circuit, 

　we will get  by measuring the measurement register ( 、  is the phase of eigenvalue )2nθ n = 4 θ e2πiθ

For example, if we get 4, the phase value is  θ = 4/2n = 0.25

➞ What does this phase mean?

Circuit of Quantum Phase Estimation Circuit of Shor’s algorithm (order finding)

Uf

Quantum Circuit for Shor’s Algorithm 
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|ψs⟩ ≡
1

r

r−1

∑
k=0

e−2πisk/r |ak (mod N)⟩
(  is an integer within )s 0 < s < r − 1

With the following state :|ψs⟩

1

r

r−1

∑
s=0

|ψs⟩ = |1⟩

U |ψs⟩ = e2πis/r |ψs⟩
 is the eigenvector of  with the eigenvalue|ψs⟩ U e2πis/r

Equivalent to applying   times to , which is 
the superposition of  with eigenvalue 

U x |1⟩
|ψs⟩ e2πis/r

Orcale  for Shor’s order-finding algorithmUf

 ➡

 ➡

Phase obtained by Shor’s order finding  
          (Integer multiples of ) s/r

We have considered the following circuit to 
implement Shor’s order-finding algorithm

Uf

|xi |xi

|wi = |0i⌦n |w � ax(mod N)i

The Oracle can be implemented with the 
unitary : 

　

U

U |m⟩ = { |am (mod N)⟩ 0 ≤ m ≤ N − 1
|m⟩ N ≤ m ≤ 2n − 1

Uf |x⟩ |0⟩ = |x⟩ |ax (mod N)⟩
= Ux |x⟩ |1⟩

U |1⟩ = |a (mod N)⟩
 ➡  ➡

Implementation of Order-Finding Circuit 
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H
⌦4

Uf

QFT
† meas.

meas.

8<
:|xi = |0i⌦4

8<
:|wi = |0i⌦4

Oracle for |x⟩ |w⟩ → |x⟩ |w ⊕ f(x)⟩

f(x) ≡ ax (mod N)

Phase obtained by measuring the measurement register = (Integer multiples of ) s/r
The rest of Shor’s algorithm is carried out using classical computation 

Analyze the measured result using continued fraction expansion to get the fraction , 
which is the closest to phase , and obtain the order 

s/r
θ r

Quantum circuit for factorization of N = 15

Summary of Order-Finding Circuit
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• Search for element in unstructured (non-indexed) database  
• Classical search requires full scan, thus computational cost growing linearly in  

(number of elements)  

• Grover’s algorithm enables to solve the same problem with  cost 

➡  Quadratic speed-up（theoretically proved）

N

𝒪( N)

Very popular subroutine to enhance amplitudes for certain quantum states

Grover’s algorithm Lov Grover, 1996

Grover’s Algorithm
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⎧ ⎨ ⎩
H

⌦n G G

· · ·
G meas.· · ·· · ·· · ·

8<
:|0i⌦n

Repeated r times

Quantum circuit for Grover’s algorithm

Uw H
⌦n U0 H

⌦nG  = Called Grover iteration

Oracle  to flip 
phase of the 
solution 

Uw

w
f(x) = {1 if x = w

0 else

Consider an oracle of phase flip :

Uw : |w⟩ → − |w⟩
|x⟩ → |x⟩ ∀x ≠ w

Uw = I − 2 |w⟩⟨w |

f0(x) = {0 if x = 0
1 else

U0 : |0⟩⊗n → |0⟩⊗n

|x⟩ → − |x⟩ ∀x ≠ 0
U0 = 2 |0⟩⟨0 |⊗n − I

Unitary  to flip 
phase of non-0 
states

U0

U |x⟩ = (−1) f(x) |x⟩

Preparation
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|s⟩ =
N − 1

N
|w⊥⟩ +

1
N

|w⟩

=: cos
θ
2

|w⊥⟩ + sin
θ
2

|w⟩ =
cos θ

2

sin θ
2

θ = 2 arcsin
1

N

Superposition state  represented as|s⟩

Consider the case of finding a single solution  in a database of  dataw N( = 2n)

H
⌦n Uw H

⌦n U0 H
⌦n

8<
:|0i⌦nA single Grover 

iteration circuit

step 1 step 2 step 3

|s⟩ := H⊗n |0⟩⊗n =
1

N

N−1

∑
x=0

|x⟩

|w⊥⟩ :=
1

N − 1 ∑
x≠w

|x⟩ = [1
0]

Consider in 2-dimensional space spanned by the 

solution state  and its orthogonal state|w⟩ |w⊥⟩

|w⟩ = [0
1]

step 1

Geometrically represent  to understand by intuition|s⟩

 ➡

Define

Quantum Circuit for Grover’s Algorithm
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Uw = I − 2 |w⟩⟨w |

|w⊥⟩

|w⟩

|s⟩
θ/2
θ/2

Reverse with respect to |w⊥⟩

Uw |s⟩

step 2

Uw |s⟩ =
cos θ

2

−sin θ
2

= [1 0
0 −1]

|w⊥⟩

|w⟩

|s⟩
θ/2

|s⟩ =
cos θ

2

sin θ
2

H
⌦n Uw H

⌦n U0 H
⌦n

8<
:|0i⌦nA single Grover 

iteration circuit

step 1 step 2 step 3

|s⟩ := H⊗n |0⟩⊗n =
1

N

N−1

∑
x=0

|x⟩step 1

Consider the case of finding a single solution  in a database of  dataw N( = 2n)

Quantum Circuit for Grover’s Algorithm
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Us = 2(H⊗n |0⟩⊗n)(⟨0 |⊗n H⊗n) − H⊗nH⊗n

U0 = 2 |0⟩⟨0 |⊗n − I

= [cos θ sin θ
sin θ −cos θ] |w⊥⟩

|w⟩

|s⟩
θ/2
θ/2

Reverse with 
respect to |s⟩

Uw |s⟩

G |s⟩

θ

step 3 UsUw |s⟩ =
cos 3

2 θ

sin 3
2 θ

UsUw = [cos θ −sin θ
sin θ cos θ ]

Us = H⊗nU0H⊗nDefine

= 2 |s⟩⟨s | − I

➞ Rotation of angle θ

H
⌦n Uw H

⌦n U0 H
⌦n

8<
:|0i⌦nA single Grover 

iteration circuit

step 1 step 2 step 3

Consider the case of finding a single solution  in a database of  dataw N( = 2n)

Quantum Circuit for Grover’s Algorithm
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|w⊥⟩

|w⟩

|s⟩

rotates  by  
towards 

|s⟩ θ
|w⟩

G |s⟩

θ
θ/2

A state after applying the G r times Gr |s⟩ =
cos 2r + 1

2 θ

sin 2r + 1
2 θ

need to rotate r times so that 
2r + 1

2
θ ≈

π
2

r ≈
π
4

N

sin
θ
2

=
1

N
≈

θ
2

If  is small enough,θ

In order to reach ,|w⟩
A single Grover iteration…

Reach the solution  by 

 operations!!

w
𝒪( N)

In summary

Uw H
⌦n U0 H

⌦nG  =

G = UsUw = [cos θ −sin θ
sin θ cos θ ]

Quantum Circuit for Grover’s Algorithm
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|w⊥⟩

|w⟩

|s⟩
θ/2
θ/2

Reverse with 
respect to |s⟩

|ψ⟩

Us |ψ⟩

θ

U0 = 2 |0⟩⟨0 |⊗n − I Expanding  with some bases |ψ⟩ |ψ⟩ := ∑
k

ak |k⟩

(2 |s⟩⟨s | − I) |ψ⟩ =
2
N ∑

i

| i⟩ ⋅ ∑
j,k

ak⟨j |k⟩ − ∑
k

ak |k⟩

= 2
∑i ai

N ∑
k

|k⟩ − ∑
k

ak |k⟩

= ∑
k

(2⟨a⟩ − ak) |k⟩ ⟨a⟩ ≡
∑i ai

N

If  is represented as , then ak ak = ⟨a⟩ − Δ
2⟨a⟩ − ak = ⟨a⟩ + Δ

Us = H⊗nU0H⊗n = 2 |s⟩⟨s | − I

 ➡ Reversing with respect to the average ⟨a⟩

is called Diffuser

Us  = H
⌦n U0 H

⌦n

Diffuser
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step 1

1

N

|0⟩ |1⟩ |2⟩ |3⟩ ⋯ |w⟩ ⋯ |N − 1⟩

−
1

N

|0⟩ |1⟩ |2⟩ |3⟩ ⋯ |w⟩ ⋯ |N − 1⟩

1

N (1 −
4
N )

|0⟩ |1⟩ |2⟩ |3⟩ ⋯ |w⟩ ⋯ |N − 1⟩

1

N (3 −
4
N )

Average 
1

N (1 −
2
N )Average 

1

N
Average 

1

N (1 −
2
N )

Amplitude

H
⌦n Uw H

⌦n U0 H
⌦n

8<
:|0i⌦n

step 1 step 2 step 3

step 2 step 3Create superposition states Reverse a solution state Reverse all states with 
respect to the average

A single Grover 
iteration circuit

AmplitudeAmplitude

Amplitude of solution state 
increases by repeating G

Amplitude Amplification
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