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 Dispersive, data-driven: 
  HVP: integrate hadronic cross section over CM energy:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for (almost) all 
channels over the needed energy range with increasing precision. 

e+e−

➠Im[ ] ∼ | |2
hadrons

 Direct calculation using Euclidean Lattice QCD 

                                      

  
 ab-initio method to quantify QCD effects 
 already used for simple hadronic quantities with high precision 
 requires large-scale computational resources 
 allows for entirely SM theory based evaluations

L 

a 

x 

Approximations:  
  discrete space-time (spacing a) 
  finite spatial volume (L), and time extent (T)  
  …

Integrals are evaluated 
numerically using 
Monte Carlo methods. 

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)aHVP,LO
µ =

m2
µ

12⇡3

Z
ds

K̂(s)

s
�exp(s)

<latexit sha1_base64="ZRmofYCS3W/79ZVAVjiXPCjV2NI="></latexit>

aHVP,LO
µ = 4↵2

Z 1

0
dtC(t) w̃(t)➠

 ➠ Martin Hoferichter, Zhiqing Zhang
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Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the SM 
prediction 

assess reliability of uncertainty estimates 

summarize the theory status: White Papers 

organize workshops to bring the different communities together: 

• First plenary workshop near Fermilab: 3-6 June 2017 

• … 

• Virtual Spring 2024 TI workshop hosted by UIUC:  
15-17, 23-24 Apr 2024 

• Seventh plenary workshop hosted by KEK/KMI (Japan):  
9-13 Sep 2024 

• Eight plenary workshop: France in Sep 2025 

• Ninth and tenth plenary workshops: US, UK

Muon g-2 Theory Initiative

4

Steering Committee 

https://muon-gm2-theory.illinois.edu

Gilberto Colangelo (Bern) 
Michel Davier (Orsay) co-chair 
Aida El-Khadra (UIUC & Fermilab) chair 
Martin Hoferichter (Bern) 
Christoph Lehner (Regensburg 
University) co-chair 
Laurent Lellouch (Marseille) 
Tsutomu Mibe (KEK)   
J-PARC Muon g-2/EDM experiment 
Lee Roberts (Boston)    
Fermilab Muon g-2 experiment 
Thomas Teubner (Liverpool) 
Hartmut Wittig (Mainz)

https://indico.fnal.gov/event/13795/
https://indico.cern.ch/event/1400808/
https://conference-indico.kek.jp/event/257/
https://muon-gm2-theory.illinois.edu
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Near-term timeline
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Theory Initiative:  
CMD-3 seminar (virtual): 27 March 2023 at 8:00am US CDT 
2nd CMD-3 discussion meeting 
8/9/2023: Status of Muon g-2 Theory in SM

Run 4
Run 5

Result from 
Runs 2&3

20
21

20
22

20
23

Final result  
from E989  

J-PARC E34FNAL E989

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep

The anomalousmagneticmoment of themuon in the Standard
Model
T. Aoyama 1,2,3, N. Asmussen 4, M. Benayoun 5, J. Bijnens 6, T. Blum 7,8,
M. Bruno 9, I. Caprini 10, C.M. Carloni Calame 11, M. Cè 9,12,13, G. Colangelo 14,⇤,
F. Curciarello 15,16, H. Czyª 17, I. Danilkin 12, M. Davier 18,⇤, C.T.H. Davies 19,
M. Della Morte 20, S.I. Eidelman 21,22,⇤, A.X. El-Khadra 23,24,⇤, A. Gérardin 25,
D. Giusti 26,27, M. Golterman 28, Steven Gottlieb 29, V. Gülpers 30, F. Hagelstein 14,
M. Hayakawa 31,2, G. Herdoíza 32, D.W. Hertzog 33, A. Hoecker 34,
M. Hoferichter 14,35,⇤, B.-L. Hoid 36, R.J. Hudspith 12,13, F. Ignatov 21,
T. Izubuchi 37,8, F. Jegerlehner 38, L. Jin 7,8, A. Keshavarzi 39, T. Kinoshita 40,41,
B. Kubis 36, A. Kupich 21, A. Kup±¢ 42,43, L. Laub 14, C. Lehner 26,37,⇤, L. Lellouch 25,
I. Logashenko 21, B. Malaescu 5, K. Maltman 44,45, M.K. Marinkovi¢ 46,47,
P. Masjuan 48,49, A.S. Meyer 37, H.B. Meyer 12,13, T. Mibe 1,⇤, K. Miura 12,13,3,
S.E. Müller 50, M. Nio 2,51, D. Nomura 52,53, A. Nyffeler 12,⇤, V. Pascalutsa 12,
M. Passera 54, E. Perez del Rio 55, S. Peris 48,49, A. Portelli 30, M. Procura 56,
C.F. Redmer 12, B.L. Roberts 57,⇤, P. Sánchez-Puertas 49, S. Serednyakov 21,
B. Shwartz 21, S. Simula 27, D. Stöckinger 58, H. Stöckinger-Kim 58, P. Stoffer 59,
T. Teubner 60,⇤, R. Van de Water 24, M. Vanderhaeghen 12,13, G. Venanzoni 61,
G. von Hippel 12, H. Wittig 12,13, Z. Zhang 18, M.N. Achasov 21, A. Bashir 62,
N. Cardoso 47, B. Chakraborty 63, E.-H. Chao 12, J. Charles 25, A. Crivellin 64,65,
O. Deineka 12, A. Denig 12,13, C. DeTar 66, C.A. Dominguez 67, A.E. Dorokhov 68,
V.P. Druzhinin 21, G. Eichmann 69,47, M. Fael 70, C.S. Fischer 71, E. Gámiz 72,
Z. Gelzer 23, J.R. Green 9, S. Guellati-Khelifa 73, D. Hatton 19,
N. Hermansson-Truedsson 14, S. Holz 36, B. Hörz 74, M. Knecht 25, J. Koponen 1,
A.S. Kronfeld 24, J. Laiho 75, S. Leupold 42, P.B. Mackenzie 24, W.J. Marciano 37,
C. McNeile 76, D. Mohler 12,13, J. Monnard 14, E.T. Neil 77, A.V. Nesterenko 68,
K. Ottnad 12, V. Pauk 12, A.E. Radzhabov 78, E. de Rafael 25, K. Raya 79, A. Risch 12,
A. Rodríguez-Sánchez 6, P. Roig 80, T. San José 12,13, E.P. Solodov 21, R. Sugar 81,
K. Yu. Todyshev 21, A. Vainshtein 82, A. Vaquero Avilés-Casco 66, E. Weil 71,
J. Wilhelm 12, R. Williams 71, A.S. Zhevlakov 78

1 Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK), Tsukuba 305-0801, Japan
2 Nishina Center, RIKEN, Wako 351-0198, Japan
3 Kobayashi–Maskawa Institute for the Origin of Particles and the Universe (KMI), Nagoya University, Nagoya 464-8602, Japan
4 School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, United Kingdom
5 LPNHE, Sorbonne Université, Université de Paris, CNRS/IN2P3, Paris, France

⇤ Corresponding authors.
E-mail address: MUON-GM2-THEORY-SC@fnal.gov (G. Colangelo, M. Davier, S.I. Eidelman, A.X. El-Khadra, M. Hoferichter, C. Lehner, T. Mibe, A.

Nyffeler, B.L. Roberts, T. Teubner).

https://doi.org/10.1016/j.physrep.2020.07.006
0370-1573/© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.
org/licenses/by-nc-nd/4.0/).

Muon g-2 TI 
WP published 

Run 6

20
25

WP

20
24

TI workshops:   
Jun 2021 @ KEK (virtual)     Sep 2023 @ Bern    Sep 2024 @ KEK & KMI            
Sep 2022 @ Higgscentre    Apr 2024 (virtual)             

2nd WP

https://indico.fnal.gov/event/59052/
https://indico.ijclab.in2p3.fr/event/9697/
https://muon-gm2-theory.illinois.edu
https://arxiv.org/abs/2006.04822
https://www-conf.kek.jp/muong-2theory/
https://indico.cern.ch/event/1258310/
https://conference-indico.kek.jp/event/257/
https://indico.ph.ed.ac.uk/event/112/
https://indico.cern.ch/event/1400808/
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adapted from J. Mott @ Scientific Seminar, 10 Aug 2023

20232021

2020 WP

??? *

*A. Keshavarzi @ Lattice 2023

Martin Hoferichter 
Zhiqing Zhang

Anna Driutti

https://indico.fnal.gov/event/60738/
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adapted from J. Mott @ Scientific Seminar, 10 Aug 2023

20242021

2020 WP

??? 

BMW+DMZ 24

*

*A. Keshavarzi @ Lattice 2023

Anna Driutti

Martin Hoferichter 
Zhiqing Zhang

https://indico.fnal.gov/event/60738/
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2021

2020 WP

aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ

<latexit sha1_base64="9M0tnw3VnWHGL11uTa1l7HXkKRA="></latexit>

aSMµ

<latexit sha1_base64="B4SnhG0Qn/MQgb3wQgGVx68DO0U=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZdFN26EivYBTQyT6bQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE6eMKu15305hZXVtfaO4Wdra3tktu3v7LZUYiUkTJyyRnRgpwqggTU01I51UEsRjRtrx6Grqtx+JVDQR93qckpCjgaB9ipG2UuSWURRw85AFksO7mwmM3IpX9WaAy8TPSQXkaETuV9BLsOFEaMyQUl3fS3WYIakpZmRSCowiKcIjNCBdSwXiRIXZ7PAJPLZKD/YTaUtoOFN/T2SIKzXmse3kSA/VojcV//O6RvcvwoyK1Ggi8HxR3zCoEzhNAfaoJFizsSUIS2pvhXiIJMLaZlWyIfiLLy+T1mnVr1XPbmuV+mUeRxEcgiNwAnxwDurgGjRAE2BgwDN4BW/Ok/PivDsf89aCk88cgD9wPn8AFW6SuA==</latexit>
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Lattice Quantum Field Theory
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xi xf
x

ti

tf

t

Feynman’s Path Integral in Quantum Mechanics

xk = x(tk),  x0 = xi, xN = xf

For efficient numerical computation:  
use Euclidean time   so that   t → it eiS → e−S

⟨xf |e−iH(tf−ti) |xi⟩ = ∫ 𝒟x(t) eiS

∫ 𝒟x(t) = lim
N→∞

N

∏
k=0

∫ dxk

[see also Creutz & Freedman, Annals Phys. 132 (1981) 427; 
G.P. Lepage, hep-lat/0506036]

QM

x(t)

t

time lattice

N dimensions

QFT

f(x)

t

x

space-time lattice

N4 dimensions

Integrals are evaluated numerically using Monte Carlo methods. 

https://doi.org/10.1016/0003-4916(81)90074-9
http://arxiv.org/abs/hep-lat/0506036
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L 

a 

x 

discrete Euclidean space-time (spacing a) 
finite spatial volume (L) 
finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

• discrete space-time:  
derivatives ➠ difference operators  
covariant  ➠ connected with link fields 
  

• computer memory and storage are finite: 
  ➠ finite time extend and finite volume  
  

• numerical integration with Monte Carlo  
(importance sampling):   ➠ statistical errors

Wilson [Phys.Rev. D10 (1974) 2445-2459]: 
keep gauge invariance manifest on space-time lattice using 
link fields:  
 ➠ construct gluon action using gauge invariant Wilson 
loops 
Wilson gauge action built using plaquettes:  

 

 

Uμ(x) = U(x, x + a ̂μ) = P eig ∫x+a ̂μ
x dx′￼⋅A(x′￼)

Sg =
1
g2 ∑

μ,ν,x

Pμν(x)

Pμν = ReTr[1 − Uμ(x)Uν(x + a ̂μ)U†
μ(x + aν)U†

ν (x)]

L 

a 

x Lattice QCD Introduction

https://doi.org/10.1103/PhysRevD.10.2445
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• Staggered quarks (a.k.a Kogut-Susskind)   
reduce the number of doublers (staggering) but keep some (a.k.a tastes) 

dominant discretization effects due to taste-breaking effects (can be corrected analytically) ➠  

improved actions with discretization + TB effects starting at ~  (Astad, HISQ)  
various smearing schemes to reduce taste-breaking effects  
computationally inexpensive 

• (improved) Wilson quarks   

no doublers, but chiral symmetry broken explicitly ➠  discretization effects 

remove  effects nonperturbatively (NP improved, twisted mass, …) ➠  
moderate computational cost 

• Domain wall quarks (live in 5 dimensions) 
no doublers, chiral symmetry breaking suppressed by length of 5th dim. ➠   
small discretization effects 
high computational cost   

• …                                                

O(a2)
O(αsa2, α2

s a2)

O(a)
O(a) O(a2)

O(a2)

L 

a 

x Lattice QCD Introduction: quark discretizations

Fermion doubling problem   ⬄   chiral symmetry

• new ideas:  workshop on novel fermion actions 
https://indico.mitp.uni-mainz.de/event/314/

considerations 
for b quarks: 
➠ appendix

https://indico.mitp.uni-mainz.de/event/314/
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L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc… 
finite spatial volume (L) 
finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

adjustable parameters 

lattice spacing:  

finite volume, time:    

quark masses (mf): 
tune using hadron masses  
extrapolations/interpolations

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb

a (fm) 

L 
a (fm) 

L 

Ken Wilson

Mike Creutz

L 

a 

x Lattice QCD Introduction
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• typical momentum scale of quarks gluons inside hadrons: ~𝛬QCD

• make a small to separate the scales: 𝛬QCD ≪ 1/a 
  

• Symanzik EFT:                                                      , n ≥ 2 
  

 provides functional form for extrapolation (depends on the details of the lattice action) 
 can be used to build improved lattice actions  
 can be used to anticipate the size of discretization effects 

 

discretization effects — continuum extrapolation

hOilat = hOicont +O(a⇤)n

a (fm) 

L 

L 

a 

x Lattice QCD Introduction
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...of lattice spacing, chiral, heavy quark, and finite volume effects is based on Effective Field 
Theory (EFT) descriptions of QCD  ➙ ab initio 

  

•  finite a: Symanzik EFT 
• light quark masses: Chiral Perturbation Theory 
• heavy quarks: HQET 
• finite L: finite volume EFT

systematic error analysis

L 

a 

x Lattice QCD Introduction

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0,M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c
 mh  5m0

c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1

In practice:  
stability and control over systematic errors depends 
on the lattice action(s) employed, underlying 
simulation parameters (available computational 
resources), analysis choices, … 
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L 

a 

x Lattice QCD Introduction
Steps of a lattice QCD calculation:

⟨𝒪⟩ ∼ ∫ 𝒟ψ𝒟ψ̄𝒟U𝒪(ψ, ψ̄, U) e−S

Note: Integrate fermion fields by hand  ➠ det(D +m) in integral. The operators  are then functions             
          of (D+m)-1 and gluon fields.

𝒪
/

/

1.generate gauge-field configurations according to det(D+m) e-S 
2.calculate quark propagators, (D+mq)-1 on each gauge-field configuration for each valence 

quark flavor and source point(s).  
3. The hadronic correlation functions  are obtained by tying together quark propagators into 

(usually 2, 3,4-pt functions)  
4.statistical analysis to extract observables, such as hadron masses, energies, hadronic matrix 

elements, HVP,…. from correlation functions 
5.systematic error analysis

⟨𝒪⟩

/
/
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Lattice QCD calculations of simple quantities (with at most one stable meson in initial/final state) that 
quantitatively account for all systematic  effects (discretization, finite volume, renormalization,…) in 
some cases with  

•sub percent precision.   
• total errors that are commensurate (or smaller) than corresponding experimental uncertainties. 

  

Progress due to a virtuous cycle of theoretical developments, improved algorithms/methods and 
increases in computational resources (``Moore’s law”)

Scope of LQCD calculations is increasing due to continual development of new methods:  
•nucleon matrix elements    

•nonleptonic kaon decays ( , ,…) 

• resonances, scattering ( ,…) 

• long-distance effects ( , …)

K → ππ ϵ′￼

ππ → ρ
ΔMK

•QED corrections  
• radiative decay rates 
•structure: PDFs, GPDs, TMDs, … 

• inclusive decay rates ( ,…) 
•…

B → Xcℓν
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x Lattice QCD Introduction

s̄

u

W
µ+

⌫µ
K+

S. Aoki et al [FLAG 2021 
review, arXiv:2111.09849, 
EPJC 2022]

0.16%

http://arxiv.org/abs/arXiv:2111.09849
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Snowmass 2013 ➠ present

18

https://www.usqcd.org/documents/13flavor.pdf  and [J. Butler et al, arXiv:1311.1076]
Report of the Lattice QCD Task Force 33

Quantity CKM Present 2007 forecast Present 2018

element expt. error lattice error lattice error lattice error

fK/f⇡ |Vus| 0.2% 0.5% 0.4% 0.15%

f
K⇡

+
(0) |Vus| 0.2% – 0.4% 0.2%

fD |Vcd| 4.3% 5% 2% < 1%

fDs |Vcs| 2.1% 5% 2% < 1%

D ! ⇡`⌫ |Vcd| 2.6% – 4.4% 2%

D ! K`⌫ |Vcs| 1.1% – 2.5% 1%

B ! D
⇤
`⌫ |Vcb| 1.3% – 1.8% < 1%

B ! ⇡`⌫ |Vub| 4.1% – 8.7% 2%

fB |Vub| 9% – 2.5% < 1%

⇠ |Vts/Vtd| 0.4% 2–4% 4% < 1%

�ms |VtsVtb|2 0.24% 7–12% 11% 5%

BK Im(V 2

td
) 0.5% 3.5–6% 1.3% < 1%

Table 6. History, status and future of selected lattice-QCD calculations needed for the determination

of CKM matrix elements. 2007 forecasts are from Ref. [112]. Most present lattice results are taken from

latticeaverages.org [113]. The quantity ⇠ is fBs

p
BBs/(fB

p
BB).

written [112]), only fK/f⇡ was fully controlled. A sample of present errors is collected in Table 6. For K

mesons, errors are at or below the percent level, while for D and B mesons errors range from few to ⇠10%.

The lattice community is embarking on a three-pronged program of future calculations: (i) steady but
significant improvements in “standard” matrix elements of the type just described, leading to much improved
results for CKM parameters (e.g., Vcb); (ii) results for many additional matrix elements relevant for searches
for new physics and (iii) the extension of lattice methods to more challenging matrix elements which can
both make use of old results and provide important information for upcoming experiments.

Reducing errors in the standard matrix elements has been a major focus of the lattice community over the last
five years, and the improved results illustrated in Table 6 now play an important role in the determination
of the CKM parameters in the “unitarity triangle fit.” Lattice-QCD calculations involve various sources
of systematic error (the need for extrapolations to zero lattice spacing, infinite volume and the physical
light-quark masses, as well as fitting and operator normalization) and thus it is important to cross-check
results using multiple discretizations of the continuum QCD action. (It is also important to check that
results for the hadron spectrum agree with experiment. Examples of these checks are shown in the 2013
whitepaper [111].) This has been done for almost all the quantities noted above. This situation has spawned
two lattice averaging e↵orts, latticeaverages.org [113] and FLAG-1 [114], which have recently joined
forces and expanded to form a worldwide Flavor Lattice Averaging Group (FLAG-2), with first publication
expected in mid-2013.

The ultimate aim of lattice-QCD calculations is to reduce errors in hadronic quantities to the level at which
they become subdominant either to experimental errors or other sources of error. As can be seen from
Table 6, several kaon matrix elements are approaching this level, while lattice errors remain dominant in
most quantities involving heavy quarks. Thus the most straightforward contribution of lattice QCD to the
future intensity frontier program will be the reduction in errors for such quantities. Forecasts for the expected
reductions by 2018 are shown in the table. These are based on a Moore’s law increase in computing power,

Community Planning Study: Snowmass 2013

2021 FLAG 
Average

0.18 %
0.18 %
0.3  %
0.2  %
4.4  %
0.6  %
~1.5 %   [from 2105.14019, 2304.03137, 2306.05657]
~3 %
0.7  %   (0.6 % for )fBs

1.3  %
4.5  %
1.3 %

QED corrections dominant 
source of theory error

0.7 % [from 2212.12648]

2013     2018 forecast   2013     

https://www.usqcd.org/documents/13flavor.pdf
https://arxiv.org/abs/1311.1076
https://arxiv.org/abs/2105.14019
https://arxiv.org/abs/2304.03137
https://arxiv.org/abs/2306.05657
https://arxiv.org/abs/2212.12648
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Timeline of computational resources

19
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(Japan)

EF
LO

PS

Summit 2018

Frontier 2022 
(USA)

Courtesy of Akira Ukawa 
(prepared for Mackenzie Fest (2019) 
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Outline
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Introduction 
Introduction to lattice QCD 

sources of systematic errors 
 state of the art 

Lattice HVP 
Introduction 
systematic errors 
separation prescription 
Finite Volume (FV) effects 
long-distance tail 
windows in Euclidean time 
Results and updates from Lattice 2024 

Summary and Outlook

Simon Eidelman School onSimon Eidelman School on

supported by Wilhelm and Else Heraeus Foundation

Muon Dipole 
Moments
and
Hadronic
Effects
Sep 2nd-6th 2024 
KMI, Nagoya University, Japan

Web ■ https://indico.kmi.nagoya-u.ac.jp/event/8/
contact ■ muonschool24_contact@hepl.phys.nagoya-u.ac.jp

Muon magnetic moment: Experiment
Anna Driutti (Pisa)

Muon magnetic moment: Theory
Martin Hoferichter (Bern)

Data input to hadronic vacuum polarization
Zhiqing Zhang (IJCLab)

Lattice QCD: Hadronic vacuum polarization
Aida El-Khadra (UIUC)

Lattice QCD: Light-by-light
Harvey Meyer (Mainz)

Hadronic light-by-light: Phenomenology
Franziska Hagelstein (Mainz)

Hadronic light-by-light: Data input
Andrzej Kupsc (NCBJ/Uppsala)

New physics contributions
Kei Yamamoto (Hiroshima Tech)

Detector technology
Paula Collins (CERN)

Accelerator technology
Mika Masuzawa (KEK)

Precision measurements
Fan Xin (Northwestern)

Monte Carlo generators
Yannick Ulrich (Bern)

Topics & Lecturer

Gilberto Colangelo (Bern), Achim Denig (Maintz), Toru Iijima (Nagoya, Chair), 
Kenji Inami (Nagoya), Jim Libby (Indian Inst. Tech. Madras),
Tsutomu Mibe (KEK), Boris Shwartz (BINP)

Scientific organizers

Seiso Fukumura (Niigata), Toru Iijima (Nagoya), Kenji Inami (Nagoya),
Masato Kimura (KEK), Tsutomu Mibe (KEK), Yuki Sue (Nagoya),
Kazumichi Sumi (Nagoya), Kazuhito Suzuki (Nagoya)

Local organizers

22K21347, 22K21347, 22K21350

Xing Fan (Northwestern)
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Lattice HVP: Introduction

21

• Calculate   in Lattice QCD 
Start with correlation function of EM currents: 
 
 

Fourier transform yields  
 
so that   can be obtained as an integral over Euclidean time, aka time momentum 
representation (TMR): 
 
 
  

aHVP,LO
μ

aHVP,LO
μ

<latexit sha1_base64="vEC6fr1I1WqLIomeQbQfxEf5eJ0="></latexit>

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dQ2 w(Q2) ⇧̂(Q2) = 4↵2

Z 1

0
dtC(t)

Z 1

0
dQ2w(Q2)


t2 � 4

Q2
sin2

✓
Qt

2

◆�

[B. Lautrup, A. Peterman, E. de Rafael, Phys. Rep 1972; 
E. de Rafael, Phys. Let. B 1994; T. Blum, PRL 2002]

[D. Bernecker and H. Meyer, 
arXiv:1107.4388, EPJA 2011] 

L 

a 

x 

Leading order HVP contribution: aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

<latexit sha1_base64="sTwnymvyLCpJ1WjtW/jHy1Ccvc4="></latexit>

C(t) =
1

3

X

i,x

hjEM

i (x, t)jEM

i (0, 0)i
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f = u, d, s, c, . . .

<latexit sha1_base64="qiwDcaUyFfUb9X0YHv0YDh9DdTg="></latexit>

jEM
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X
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qf  ̄f (x, t) �µ  f (x, t)
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HVP: higher order (NLO, NNLO)

22

aμHVP : Higher orders & power counting; WP20 values in 10-11  

➤ All hadronic blobs also contain photons,
i.e.  real + virtual corrections in σhad(s)

• LO:  6931(40)

• NLO:  - 98.3(7)

from three classes of graphs:
- 207.7(7) + 105.9(4) + 3.4(1)    [KNT19]
(photonic,  extra e-loop, 2 had-loops)

• NNLO:  12.4(1) [Kurz et al, PLB 734(2014)144,
see also F Jegerlehner]

from five classes of graphs:
8.0 - 4.1 + 9.1 - 0.6 + 0.005

➥ good convergence,
iterations of hadronic blobs  _very_  small

➠ `double-bubbles’ very small: 3

  [based on KNT 2019] aHVP,NLO
μ = − 9.83(7) × 10−10

aμHVP : Higher orders & power counting; WP20 values in 10-11  

➤ All hadronic blobs also contain photons,
i.e.  real + virtual corrections in σhad(s)

• LO:  6931(40)

• NLO:  - 98.3(7)

from three classes of graphs:
- 207.7(7) + 105.9(4) + 3.4(1)    [KNT19]
(photonic,  extra e-loop, 2 had-loops)

• NNLO:  12.4(1) [Kurz et al, PLB 734(2014)144,
see also F Jegerlehner]

from five classes of graphs:
8.0 - 4.1 + 9.1 - 0.6 + 0.005

➥ good convergence,
iterations of hadronic blobs  _very_  small

➠ `double-bubbles’ very small: 3

  [Kurz et al, arXiv:1403.6400, PLB 2014]aHVP,NNLO
μ = 1.24(1) × 10−10

space-like NLO and NNLO HVP kernels for LQCD 
calculations and MUonE  
[Balsani et al,  arXiv:2112.05704; Nesterenko, arXiv:2209.03217, arXiv: 2112.05009] 

+ NLO HVP kernel in time-momentum representation 
(Euclidean time) 
[Balsani et al,  arXiv:2406.17940]

diagrams by T. Teubner
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Calculate  in Lattice QCD:  

• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams) 
 Note: almost always     
 
 
 
 
    
 
   

• need to add QED and strong isospin breaking  
(  ) corrections: 

aHVP
μ

mu = md

∼ mu − md

Lattice HVP: Introduction

23

+ …

X

f
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f f’

f= ud, s, c, b

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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Isospin Breaking
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Isospin
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Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 1 / 6
light-quark connected contribution: 

 ~90% of total 
s,c,b-quark contributions  

 ~8%, 2%, 0.05% of total 
  

disconnected contribution:  
  ~2% of total 

  

Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

{

aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ
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Calculate  in Lattice QCD:  aHVP
μ

Lattice HVP: challenges

24

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc

<latexit sha1_base64="QuLOsSJbj/2XJDr1dqEpUkjAtFQ="></latexit>

L 

a 

x 

Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]

aµ �aµ

light

650.2

strange

53.2

14.6
13.7
7.2

light

strange
charm
disconnected

Isospin Breaking

1

11.6

0.30.1 2.9

3.4

light

strange
charm

disconnected

Isospin
Breaking

1

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 1 / 6
light-quark connected contribution: 
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s,c,b-quark contributions  

 ~8%, 2%, 0.05% of total 
  

disconnected contribution:  
  ~2% of total 

  

Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total
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μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ

 needed with precision 

subpercent statistical precision: 
exponentially growing noise-to-signal in  as  
affects light-quark contributions 
sizable finite volume effects  
sensitivity to scale setting uncertainty 
control discretization effects  
quark-disconnected diagrams: control noise 
include isospin-breaking effects 
Separation of   into  and  is 
scheme dependent. 

aHVP,LO
μ < 0.5 %

C(t) t → ∞

aHVP,LO
μ aHVP,LO

μ (ud) δaHVP,LO
μ
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• free parameters in (lattice) QCD Lagrangian require experimental inputs 
• bare quark masses, : fixed with exp. measured hadron masses, e.g.,   
• lattice spacing in physical units (scale setting):    (or   or …)  ➠  

mud, ms, mc, mb Mπ, MK, MDs
, MBs

fπ fK MΩ αs

ρ K K∗ η φ N Λ Σ Ξ ∆ Σ
∗

Ξ
∗ Ωπ η′ ω0

500

1000

1500

2000

2500

(M
eV

)

D, B D
*, B

*

D s
,B s D s

* ,B s
*

Bc Bc
*

© 2013 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by -4000 MeV

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204, updated)

• all other quantities are pre/post dictions 
that can be compared to experiment.  
  

• determinations of renormalized  from 
many different observables/methods:  
Wilson loops, current correlators, HQ 
potential, step scaling,… 
  

• quark masses : 
different intermediate renormalization 
schemes (nonperturbative or perturbative) 
before matching to 

αs

mq

MS

L 

a 

x (lattice) QCD inputs

➠ appendix
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•  is dimensionless, but depends on dimensionful parameters ( , , etc…), 
which are expressed in terms of the lattice scale :  
 

•uncertainty in  due to the error in the scale determination, :  
[Della Morte et al, arXiv:1705.01775, JHEP 2017] 
 
                                                                                   ➠  

   ➠ need to determine lattice scale to high precision (< 0.2%) 

• Scale setting quantities currently used in lattice QCD calculations:  
 -   (or  ) — depend on   ( )  
                       radiative QED corrections ~2%  
 -  baryon mass — QED corrections are small (~0.1%)

aHVP,LO
μ mμ mq

Λ

aHVP,LO
μ ΔΛ

fπ fK Vud Vus

Ω
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Mµ =
mµ

⇤
, . . .
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aHVP,LO
µ ⌘ aHVP,LO

µ (Mµ,Mu,Md, . . .)

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

where ⇥(t, t 0, �) = [1 + tanh[(t � t 0)/�]]/2 defines the window as a smooth function in Euclidean time with width
parameter � that smoothes the window on both sides of the interval. A convenient choice is � = 0.15 fm. The parameters
t0 and t1 are chosen to separate short- and long-distance effects, typically t0 ⇠ 0.4 fm and t1 ⇠ 1.0 fm. Corrections due
to systematic effects or subleading contributions can be applied to each window separately, and each window can also
be separately extrapolated to the continuum and infinite-volume limits. In particular, the intermediate window aWµ is, by
design, expected to be less sensitive to discretization errors than the short-distance window aSDµ . It is also designed to be
less sensitive to long-distance effects than aLDµ and much less affected by the StN problems at large x0 (see Section 3.3).
In summary, we expect that aWµ can, in principle, be calculated with better precision and better control over systematics
than the complete aHVP, LOµ .

The windows, same as the Taylor coefficients of Section 3.1.3, are useful intermediate quantities enabling detailed
comparisons between independent lattice calculations. The window method also enables a comparison of intermediate
quantities with results from data-driven methods. Here one first translates the R-ratio data for e+e� ! hadrons, see
Eq. (2.3), to Euclidean time via

C(x0) =
1

12⇡2

Z
1

0
d(

p
s)R(s)se�

p
sx0 , (3.27)

which can then be used to construct the windows. In particular, as advocated by the RBC/UKQCD collaboration, the
window method can be used to combine evaluations of aSDµ and aLDµ using R-ratio data with lattice determinations of
aWµ to yield a hybrid determination of aHVP, LOµ that is more precise than each alone [11].

3.1.6. Common issues
One of the main issues affecting the calculation of aHVP, LOµ on the lattice is the difficulty of determining the long-

distance behavior of the vector correlator with good statistical accuracy. This manifests itself in the direct approach to
⇧̂ (Q 2) as a lack of precise information on the low-momentum regime even when using twisted boundary conditions
to probe momenta below the lowest Fourier momentum on a given lattice size. In the method of time moments, the
problem manifests itself as an increase of the statistical error for the higher moments. In the time-momentum approach,
it manifests itself in the perhaps most direct way as a loss of statistical precision on the correlation function at large
Euclidean time distances.

While the problem is the same in terms of its origin, the available remedies differ between the different methods. In
the direct approach, the hybrid strategy uses analyticity to describe the low-momentum region with a Padé approximant,
whereas in the time-momentum approach, the spectral representation can be used to model the long-time behavior of the
correlation function. In either case, additional information (such as from a dedicated spectroscopic study [383,385–387])
is needed in order to make the best use of the lattice data.

Control of finite-volume effects and the determination of the lattice scale are other important issues common to all
lattice QCD calculations. The scale-setting uncertainty is of particular importance because, while aHVP, LOµ is a dimensionless
quantity, it depends on the scale through the value amµ of the muon mass in lattice units. Standard error propagation
then shows that the uncertainty in aHVP, LOµ is related to the relative uncertainty in the quantity ⇤ used to set the scale
via [369]

�aHVP, LOµ =

�����⇤
daHVP, LOµ

d⇤

����� ⇥
�⇤

⇤
=

�����Mµ

daHVP, LOµ

dMµ

����� ⇥
�⇤

⇤
, (3.28)

where Mµ = mµ/⇤ is the muon mass in units of ⇤. By working in the coordinate-space representation, it can then be

shown [369] that Mµ
daHVP, LO

µ

dMµ
= 1.22⇥10�7, corresponding to an amplification factor of 1.8 from the relative scale setting

error �⇤/⇤ to the relative error �aHVP, LOµ /aHVP, LOµ . This implies that reaching an accuracy of better than 1% for aHVP, LOµ

requires the lattice scale to be known at the few-permil level.

3.2. Strategies

As described in the previous section, at order O(↵2) the hadronic contribution aHVP, LOµ (↵2) is related to the average
of the T -product of two electromagnetic currents over gluon and fermion fields, see Eq. (3.1). Since all quark flavors
contribute to the current, aHVP, LOµ (↵2) can be split into two main contributions

aHVP, LOµ (↵2) = aHVP, LOµ,conn + aHVP, LOµ,disc , (3.29)

where the subscripts ‘‘conn’’ and ‘‘disc’’ indicate quark-connected and -disconnected contractions, respectively, for all
flavors. The various flavor-connected components have different statistical and systematic uncertainties and, therefore,
they are usually calculated separately. Thus, the quark-connected contribution aHVP, LOµ,conn (↵2) can be written as

aHVP, LOµ,conn = aHVP, LOµ (ud) + aHVP, LOµ (s) + aHVP, LOµ (c) + aHVP, LOµ (b) , (3.30)

57
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Lattice HVP: separation prescription
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‣ For an observable     one ideally wants an expansion 
(FLAG notation) 
 
 

‣ A complete set of hadron masses defines      
unambiguously 

‣ The separation in 3 contributions requires additional 
conditions, and are scheme-dependent

4

General problem
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X�

A. Portelli @ Higgscentre workshop

If different schemes are used by different groups,  
then comparisons must include scheme dependence 

‣ Isospin breaking effects are small. 
Up to 1% corrections, unphysical theories are within 
a linear correction from the physical point 
 

‣ The space of all possible prescriptions can be explored 
with the knowledge of the observable derivatives 

‣ The variable      can be changed using Jacobians 
Requires knowledge of variable derivatives

6

Linear expansion
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M

‣ Proximity to the quark mass scheme is desired to make 
contact with phenomenology 

‣ Prescription proposal (both with           ) 
 
 
 
 

‣ Scale setting with 
possibly using a theory scale as proxy

14

Prescription proposal

Iso-symmetric QCDPure QCD
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M̂⇡+ = 135.0 MeV

M̂K+ = 491.6 MeV

M̂K0 = 497.6 MeV
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M̄⇡ = 135.0 MeV

M̄K = 494.6 MeV
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Matching scheme ambiguity: Kaon mass decomposition

[K+]qed �[K+]sib [K0]qed [K0]sib

0

1

2

3

�
M

K
/
M
eV

uu, dd, ss, w0

mu, md, ms, �s

Cottingham

Decomposition of the neutral and charged kaon masses in
three di↵erent schemes.

[M
K0/+ ]iso = 494.55(31) MeV

[MK0 ]sib = +2.98(14) MeV

[MK0 ]qed = 0.05(7) MeV

[MK+ ]sib = �3.13(17) MeV

[MK+ ]qed = 2.25(8) MeV

Decomposition in the {Muu,Mdd,Mss, w0} scheme.

Agreement on decomposition of MK indicates equivalence of schemes (�M⇡ / ↵ at LO):

I This work
9
: {Muu,Mdd,Mss, w0}

I Gasser-Rusetsky-Scimemi (GRS) scheme
10
:

{mu,md,ms,↵s} in MS at µ = 2GeV

I Cottingham-formula based decomposition
11
:

Relates electromagnetic self-energy to forward

Compton tensor

) Good agreement with GRS and Cottingham-formula based schemes

9Borsanyi 2021.
10Di Carlo et al. 2019.
11Stamen et al. 2022.
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[K+]qed �[K+]sib [K0]qed [K0]sib

0

1

2

3

�
M

K
/
M
eV

uu, dd, ss, w0

mu, md, ms, ↵s

Cottingham

Figure 7: Decomposition of the neutral and charged kaon masses in three di↵erent isospin schemes. Red
squares stand for our scheme from [5] based on the observables {Muu,Mdd,Mss, w0}, blue triangles for
the GRS scheme based on quark masses and strong coupling constant taken from [22] and orange circles
for a Cottingham-formula based decomposition given in [23].

parameters of the theory, which keeps normalized quark masses and strong coupling constant while turning
on the electromagnetic interaction, was proposed by Gasser, Rusetsky and Scimemi [25]. This scheme is
called the GRS scheme in the literature and was implemented on the lattice in Ref. [22, 26]. Finally, in
phenomenological computations one often uses a scheme based on the Cottingham formula [27], which
gives the electromagnetic contribution to the hadron masses, for a concrete application see Ref. [23].

To compare our scheme with others we decompose the neutral and charged kaon masses into isospin
components. For this purpose we perform an analysis that is described as a Type-II fit in our 2020 work. We
consider the dependence of the kaon masses on our scheme defining observables according to Equation (8),
and use their physical values as inputs. The procedure also takes into account electromagnetic e↵ects.
It includes about ten-thousand fits to estimate systematics related to e.g. continuum extrapolation and
choice of the mass fit range. The decomposition we obtain is

[MK0/+ ]iso = 494.55(31) MeV
[MK0 ]sib =+ 2.98(14) MeV [MK0 ]qed = 0.05(7) MeV

[MK+ ]sib =� 3.13(17) MeV [MK+ ]qed = 2.25(8) MeV
(16)

where the uncertainties given are the statistical and systematic errors added in quadrature. Figure 7 shows
a comparison with the same decomposition in other schemes, whose values were taken from Refs. [23,
26]. We find a good agreement with the scheme based on quark masses (GRS) and with the one based
on the Cottingham-formula. In addition we note here, that our isospin-symmetric kaon mass agrees
nicely with the GRS scheme value [MK ]iso,GRS = 494.6(1), computed in [22]. An agreement on the
kaon decomposition is a strong indication for the equivalence of two schemes. Indeed, since the pion
mass splitting only receives electromagnetic isospin-breaking e↵ects at the first-order, most of the scheme
dependence is concentrated in the decomposition of the kaon mass splitting.

14

BMW 2024 [A. Boccaletti et al, arXiv:2407.10913]  and [A. Risch @ Lattice 2024]
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finite volume (FV) effects

 only, with one stable hadron in initial/final state:  
  

FV EFT (Lüscher): If   large enough, so that   ➠ leading FV error   
                               ➠ residual FV effects can usually be quantified in ChPT

QCD

L mπL ≳ 4 ∼ e−mπL

Or: direct FV study, comparing results at several different finite volumes  (with other parameters fixed) 
       errors on the FV corrections depend on the statistical precision the FV study



A. El-Khadra SE g-2 School, 2-6 Sep 2024

Lattice HVP: finite volume (FV) effects 

30

L 

a 

x 

expected size (based on ChPT) ~ 3% on typical lattice volumes with   
 ➠ large volume studies are needed to quantify FV effects for sub-percent precision 
EFT and EFT-inspired approaches:  
• NNLO ChPT [Bijnens + Relefors, arXiv:1710.04479; Aubin et al, 2019,2020, 2022,…] 

• relativistic pion EFT [Hansen & Patella, arXiv:2004.03935] 

• spectral representation using  + Gounaris-Sakurai parameterization (MLLGS) 
[Meyer 2011; Francis et al 2013; Lellouch & Lüscher, 2001] 

use Lüscher and Lellouch-Lüscher equations to obtain FV  and compute  

• Chiral Model: ChPT +   [Jegerlehner & Szafron, arXiv:1101.2872; HPQCD, arXiv:1601.03071] 
• For staggered fermions: modify FV EFTs to account for splittings between pions with different 

``tastes” 

large-volume studies by BMW (2020), RBC/UKQCD, PACS

Mπ L ≳ 4

Fπ(k)

En, An C(t, ∞) − C(t, L)
ρ
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Chiral Perturbation Theory (ChPT)

Compute  in ChPT in both IV and FV,  take the difference (note, ): 
 
 

 can obtain  either from computing  
    [Bijnens + Relefors, arXiv:1710.04479]     or          [Aubin et al, 2019, 2020, 2022] 

for example, in NLO ChPT  [Aubin et al, arXiv:1905.09307]:  
which yields 
 
 
 
where ,  are given in arXiv:1905.09307.                 

aHVP
μ pn = 2π n/L

aHVP
μ

Πμν(q) C(t, L)

F(p2) Z00(0,n2)

<latexit sha1_base64="roTRBpRZpoyoiUexzobB53zjy/E=">AAACLXicbVBNSwMxEM3Wr1q/qh69BIvQHiy7IupFKNqDBw8VbC10a8mm2TY0yS7JrFCW/iEv/hURPCji1b9hWnvQ1gcDj/dmmJkXxIIbcN03J7OwuLS8kl3Nra1vbG7lt3caJko0ZXUaiUg3A2KY4IrVgYNgzVgzIgPB7oLB5di/e2Da8EjdwjBmbUl6ioecErBSJ1/1q0wAwaTjy+Q+9bXEV43aCJ/PKkWfqxCGpcM547rUyRfcsjsBnifelBTQFLVO/sXvRjSRTAEVxJiW58bQTokGTgUb5fzEsJjQAemxlqWKSGba6eTbET6wSheHkbalAE/U3xMpkcYMZWA7JYG+mfXG4n9eK4HwrJ1yFSfAFP1ZFCYCQ4TH0eEu14yCGFpCqOb2Vkz7RBMKNuCcDcGbfXmeNI7K3knZuzkuVC6mcWTRHtpHReShU1RBV6iG6oiiR/SM3tC78+S8Oh/O509rxpnO7KI/cL6+ASRcptQ=</latexit>

�aHVP

µ = aHVP

µ (1)� aHVP

µ (L)
<latexit sha1_base64="sXM+5mZ+IbW5nhxmjNOfsajMAHw="></latexit>Z

dp

2⇡
F (p) ! 1

L

X

pn

F (pn)

<latexit sha1_base64="FpraVoIjkcf+XpixyecuRnyAvUA="></latexit>

CNLO(t, L) =
10

9

1

3

1

Ld

X

~p

~p2

E2
p

e�2Ept

<latexit sha1_base64="nhJSVaLUiOcHTKxzEzMFVy4vsAs="></latexit>

�aHVP,NLO
µ =

10

9

↵2

6⇡2

1X

n2=1

Z00(0, n2)

nL

Z 1

0
dp

p3

E2
p

sin (npL)F (p2)

http://arxiv.org/abs/arXiv:1905.09307
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Model comparison

Two more models for finite L (but not T)
Generic field-theory approach [Hansen & Patella ’19, ’20] (HP) relates
the finite-size effect to F�(k)
Rho-pion-gamma model [Chakraborty et al ’17] (RHO) incorporates
the �(770) resonance directly into a �PT-like framework

Compare finite L
corrections for reference
volume in infinite-T limit
All four models agree
within ⇠ 2.5 ⇥ 10�10

NNLO �PT 16.7 ⇥10�10

MLLGS 18.8 ⇥10�10

HP 17.7 ⇥10�10

RHO 16.2 ⇥10�10

Finn M. Stokes HVP finite size effects LATTICE 2021 9 / 12

Finn Stokes (BMWc) @ Lattice 2021 
Residual correction

(6 fm)3 ⇥ (9 fm) (11 fm)4

�! �!

4HEX 18.1 ± 2.4 ⇥10�10

NNLO �PT 15.7 0.6 ± 0.3 ⇥10�10

MLLGS 17.8 ⇥10�10

Finn M. Stokes HVP finite size effects LATTICE 2021 11 / 12

• Other direct calculations by RBC/UKQCD [Lehner @ 2019 INT workshop], 
and Shintani & Kuramashi [PRD 2019] are consistent (but with larger errors). 

Lattice HVP: finite volume effects L 

a 

x 

Comparison with GS, 4HEX, ChPT

A. Lupo | FV effect on muon g-2 16/18

[A. Lupo for BMW+DMZ @ Lattice 2024] 

• Compare FV correction from BMW20 (4HEX) with HP and MLL using a 
data-driven evaluations of the parameters. 
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finite volume (FV) effects

 only, with one stable hadron in initial/final state:  
  

FV EFT (Luescher): If   large enough, so that   ➠ leading FV error   
                               ➠ residual FV errors can usually be quantified in ChPT

QCD

L mπL ≳ 4 ∼ e−mπL

➠ H. Meyer lecture

Or: direct FV study, comparing results at several different finite volumes  (with other parameters fixed) 
       errors on the FV corrections depend on the statistical precision the FV study
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x Lattice QCD Introduction

finite volume (FV) effects

 only, with one stable hadron in initial/final state:  
  

FV EFT (Luescher): If   large enough, so that   ➠ leading FV error   
                               ➠ residual FV errors can usually be quantified in ChPT

QCD

L mπL ≳ 4 ∼ e−mπL

:  

need a scheme to treat massless photon in FV:   ➠  FV effects  

 — ;  …. 

 ( ) take infinite volume limit before  

 (compute -point correlation functions in LQCD + inf. volume QED)

QCD + QEDX

∼ 1/Ln

QEDL ∑⃗
x

Aμ( ⃗x, t) = 0

QEDm mγ > 0 mγ → 0
QED∞ n

➠ see talks at MITP workshop on 
isospin breaking corrections

➠ H. Meyer lecture

Or: direct FV study, comparing results at several different finite volumes  (with other parameters fixed) 
       errors on the FV corrections depend on the statistical precision the FV study

https://indico.mitp.uni-mainz.de/event/360/timetable/#20240723
https://indico.mitp.uni-mainz.de/event/360/timetable/#20240723
https://indico.mitp.uni-mainz.de/event/360/timetable/#20240723
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C(t) =
1

3

X

i,x

hjEM

i (x, t) jEM

i (0, 0)i

• Use improved statistical estimators  
[BMW, RBC/UKQCD, Aubin et al, …]

all
µ,conn

long-distance noise

Low-mode–improved random wall estimator

C
�

LMI(t) = C
�

RW(t)� C
�

RW,LL(t) + C
�

LL(t)

Exact low-mode contribution
C

�

LL
(t) =

P
i
Tr
�
M

�1

L
�M

�1

L
�
 

100x statistical power at large t

LMI data generated for 3 of our finest ensembles

a ⇡ 0.04 fm LMI data currently in production

Michael Lynch (FHM) APS April Meeting April 6, 2024 3 / 7

all
µ,conn

long-distance noise

Approx. C(t) using ”Random Wall” sources, ⌘i

C
�

RW
(t) =

P
i
Tr

n
S
RW

i
��

5
S
RW†
i

�
5
�

o
, S

RW

i
(x) = M

�1
(x; y)⌘i(y)

Var(C(t)) overlaps with low-energy
two-pion states

I Exp. noise growth at large t

Solution: Low eigenmodes accurately
capture both signal and noise at large t.

Low-mode propagator

M
�1

L
=

P
Ne
n

1

�n
vnv

†
n,

�n =

⇢
m+ i�̃n (n mod 2 = 0)

m� i�̃n (n mod 2 = 1)

Michael Lynch (UIUC) APS April Meeting April 6, 2024 2 / 7

all
µ,conn

long-distance noise

Low eigenmode contribution to RW result

C
�

RW,LL
(t) =

P
i
Tr

n
S
RW,L

i
��

5
S
RW,L†
i

�
5
�

o
, S

RW,L

i
(x) = M

�1

L
(x; y)⌘i(y)

Low-mode propagator

M
�1

L
=

P
Ne
n

1

�n
vnv

†
n,

�n =

⇢
m+ i�̃n (n mod 2 = 0)

m� i�̃n (n mod 2 = 1)

Michael Lynch (UIUC) APS April Meeting April 6, 2024 2 / 7

Big improvement 
in statistical errors 
at large Euclidean 
times.

[M. Lynch @ Lattice 2024]  
(FNAL/HPQCD/MILC)

Low mode improvement:

Low-mode averaging

C�
RW(t) = Tr

n
M�1�⌘i⌘

†
iM

�1�
o

� Tr
n
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L �⌘i⌘
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L �

o
+Tr

�
M�1

L �M�1
L �

 

M
�1
L =

PNe

n
1
�n

vnv
†
n

• Random wall (RW) sources precisely
capture C(t) for small t.

• �
2
RW / 1

Ncfg

1
Nsrc

• Low eigenmodes precisely capture
C(t) for large t
arXiv:hep-lat/0012021 , 1402.0244

• Increase Neig ! precision at earlier t

• Eigenvectors also used to deflate CG

Deflation on HISQ (Leon Hostetler, Thurs. 10:40)

a
HVP,LO
µ = 4↵2

R1
0 dtC(t)K̃(t)

Low-mode averaging

C�
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• Random wall (RW) sources precisely
capture C(t) for small t.

• �
2
RW / 1

Ncfg

1
Nsrc

• Low eigenmodes precisely capture
C(t) for large t
arXiv:hep-lat/0012021 , 1402.0244

• Increase Neig ! precision at earlier t

• Eigenvectors also used to deflate CG
Deflation on HISQ (Leon Hostetler, Thurs. 10:40)

a
HVP,LO
µ = 4↵2

R1
0 dtC(t)K̃(t)
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C(t) =
1

3

X

i,x

hjEM

i (x, t) jEM

i (0, 0)i

• Start with spectral decomposition:  

✦ bounding method:  
[Borsanyi et al, PRL 2018, Blum et al,  PRL 2018] 
for :  

C(t) =
∞

∑
n=0

|An |2 e−Ent

t > tc 0 ≤ C(tc) e−Ētc(t−tc) ≤ C(t) ≤ C(tc) e−E0(t−tc)

: effective mass of  at  

: ground state energy   
 
replace  with upper and lower 
bound, vary  

Ētc C(t) tc
E0

G(t > tc)
tc

[C. Aubin et al,  
arXiv:1905.09307]
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FIG. 3: Bounding method for total contribution to the muon anomaly, using the weighting function

w. 483 (top), 643 (middle), and 963 (bottom) ensembles. T/a is the time slice where C(t) switches

over from the calculated value to the analytic value giving the upper or lower bound.
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https://doi.org/10.1103/PhysRevLett.121.022002
https://doi.org/10.1103/PhysRevLett.121.022003
http://arxiv.org/abs/arXiv:1905.09307
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Taste improvement II
aµ(a) ! aµ(a)� aSRHO

µ (a) + aRHO
µ

reduces lattice artefact, also makes a2 dependence linear
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SRHO improvement gives central value. Systematic errors by:

1 change starting point of improvement t = 0.4 ! 1.3 fm
2 skip coarse lattices
3 change � = 0 and � = 3
4 replace SRHO by NNLO SXPT above 1.3 fm

BMW 20 [Sz. Borsanyi et al, arXiv:2002.12347, 2021 Nature]   
first complete LQCD calculation with sub-percent precision ( ) 0.8 %

total error in BMW calculation is dominated by light-quark connected contribution.  
uncertainty dominated by systematic errors; use model averaging (MA) 
Large taste-breaking effects with BMW set-up affect the continuum extrapolation: 
uncorrected data not easily fit to power series 
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V. Gülpers @ Lattice HVP workshopIntroduction

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 5 / 6

• Some tensions between lattice results for individual contributions. 
• Large cancellations between individual contributions: 

 
• new, preliminary results by Mainz [Erb, Parrino @ Lattice 2024] 

agree with RBC/UKQCD. 

δaIB
μ ≲ 1 %

Hartmut	Wittig

The	White	Paper	and	its	aNermath

2

-ra6o:					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the

67

660 680 700 720 740
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Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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vanishes within errors for larger values of x0. At small times the disconnected contribution

is only about 0.005% of the connected one, and hence we conclude that the vector correlator

G(x0) is completely dominated by the connected part in the region x0 ! 0.5 fm.

The fact that the disconnected contribution is small where it can be resolved does

not, however, imply that it is negligible. Using our data we can derive an upper bound

on the error which arises if one were to neglect the disconnected contribution altogether.

To this end it is useful to recall the isospin decomposition of the electromagnetic current

shown in eq. (2.13), which gives rise to the iso-vector (I = 1) correlator Gρρ and its

iso-scalar counterpart GI=0 (see eq. (2.15)). The iso-vector correlator Gρρ(x0) contains

only quark-connected diagrams; it is related to the connected light quark contribution

Gud(x0) via

Gρρ(x0) =
9

10
Gud(x0). (D.7)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected con-

tributions, i.e.

G(x0)
I=0 =

1

10
Gud(x0) +Gs(x0)−Gdisc(x0). (D.8)

With the help of eqs. (D.3) and (D.7) one derives the expression

− Gdisc(x0)

Gρρ(x0)
=

G(x0)−Gρρ(x0)

Gρρ(x0)
− 1

9

(
1 + 9

Gs(x0)

Gρρ(x0)

)
. (D.9)

It is now important to realize that the iso-scalar spectral function vanishes below the

three-pion threshold, which implies that GI=0(x0) = O(e−3mπx0) for x0 → ∞. According

to eq. (D.8) this implies

Gdisc(x0) =

(
1

10
Gud(x0) +Gs(x0)

)
· (1 + O(e−mπx0)), (D.10)

G(x0) = Gρρ(x0) · (1 + O(e−mπx0)) (D.11)

in the deep infrared. With these considerations one determines the asymptotic behaviour

of the ratio in eq. (D.9) in the long-distance regime as

− Gdisc(x0)

Gρρ(x0)
x0→∞−→ −1

9
, (D.12)

where we have also taken into account that Gs(x0) drops off faster than Gρρ(x0) due to

the heavier mass of the strange quark. We expect the asymptotic value to be approached

from above, because [G(x0)−Gρρ(x0)] ∼ 1
18e

−mωx0 is likely larger than Gs(x0) ∼ 1
9e

−mφx0

for x0 " 1 fm.

In figure 7 we plot the ratio of eq. (D.9) versus the Euclidean distance. One can see

that the ratio is practically zero up to x0/a ≈ 26 on E5 and x0/a ≈ 22 at the smaller

pion mass of ensemble F6. Thus, there is no visible trend for distances x0 ! 1.7 fm that

the ratio approaches its asymptotic value of −1/9. In order to derive a conservative upper

bound on the quark-disconnected contribution we assume that the ratio of eq. (D.9) drops

– 35 –
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• Start with spectral decomposition:  

✦ obtain low-lying finite-volume spectrum ( ) in dedicated study using additional operators that couple 
to two-pion states 

✦ use to reconstruct  
✦ can be used to improve  

bounding method:   

 

use  in upper bound 
✦ yields big reduction in  

stat. errors (compared with 
bounding method)

C(t) =
∞

∑
n=0

|An |2 e−Ent

En, An

C(t > tc)

C(t) → C(t) −
N

∑
n=0

A2
n e−Ent

EN+1

Integrand Reconstruction (Ensemble 48I)

2222

𝑎 𝜇
 in

te
gr

an
d 
×
10

10

Reconstructed Integrand

𝑡/𝑎

Improved bounding method used 
(as detailed in Christoph’s talk).

J. Mckeon @ Lattice 2024 
(RBC/UKQCD) 
See also: 
[Bruno et al, RBC/UKQCD, 
arXiv:1910.11745]
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• Start with spectral decomposition:  

✦ obtain low-lying finite-volume spectrum ( ) in dedicated study using additional operators that couple 
to two-pion states 

✦ use to reconstruct  
✦ can be used to improve  

bounding method:   

 

use  in upper bound 

✦ yields  reduction in  
stat. errors

C(t) =
∞

∑
n=0

|An |2 e−Ent

En, An

C(t > tc)

C(t) → C(t) −
N

∑
n=0
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n e−Ent
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∼ × 2

N���� ���������: �������� ��������������
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5 9
G
(t
)K̃

(t
)/
m

µ

LMA

N�� = 1

N�� = 2

N�� = 3

N�� = 4

Careful extraction of
energies and overlaps:
[Nolan Miller, Tue ��:��]

Spectral reconstruction of the isovector correlation function on E��� at mphys
⇡ .

Solves the signal-to-noise problem, but LMA is more precise for t < 2.5 fm.

Inclusion reduces the uncertainty on this ensemble by a factor of �.
�� / ��

S. Kuberski & N. Miller @ Lattice 2024 (Mainz) 

See also: A. Gerardin et al, PRD 2019

https://doi.org/10.1103/PhysRevD.100.014510
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• Start with spectral decomposition:  

✦ obtain low-lying finite-volume spectrum ( ) in dedicated study using additional operators that couple 
to two-pion states 

✦ use to reconstruct  
✦ can be used to improve  

bounding method:   

 

use  in upper bound 

✦ yields  reduction in  
stat. errors (compared with 
bounding method)

C(t) =
∞

∑
n=0

|An |2 e−Ent

En, An

C(t > tc)

C(t) → C(t) −
N

∑
n=0

A2
n e−Ent

EN+1

∼ × 2.5

[Lahert, et al, arXiv:2409.00756] 
see also:  
[Lahert et al, arXiv:2112.11647]

First LQCD calculation 
with staggered multi-pion 
operators 

see also: 
[Frech for BMW @ Lattice 2024]
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Use windows in Euclidean time to consider the different time regions separately  
[T. Blum et al, arXiv:1801.07224, 2018 PRL] 
  
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
  
 
    
 
  
                        

disentangle systematics/statistics from long distance/FV and discretization effects  
intermediate window: easy to compute in lattice QCD; compare to disperse approach  
Internal cross check: compute each window separately (in continuum, infinite volume limits,…) and 
combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞

Windows in Euclidean time

42

aµ = aSDµ + aWµ + aLDµ
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t0 = 0.4 fm, t1 = 1.0 fm
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aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)
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Windows in the TMR:
separate short- from
long-distance e�ects
[RBC/UKQCD, ����.�����].

Intermediate window a
win
µ :

I Cuto� e�ects suppressed.
I No signal-to-noise problem.
I Finite-volume e�ects small.

� / ��

S. Kuberski @ Lattice 2023
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In 2020 WP:  
Lattice HVP average at total uncertainty:      

BMW 20 [Sz. Borsanyi et al, arXiv:2002.12347, 2021 Nature]  first LQCD calculation with sub-percent ( ) 
error in tension with data-driven HVP ( ) 
Further tensions for intermediate window:  
 

-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 % aHVP,LO
μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

Lattice HVP: intermediate window (W)

43

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties

0.0

0.5

1.0

1.5 window [RBC/UKQCD’18]
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Cont. extrap. systematics:

1 SRHO vs no improvement

2 � = 0 or 3

3 linear, quadratic or cubic

4 skip coarse lattices
Staggered fermions: 
• taste-breaking effects (which yield taste splittings) are significant (sometimes dominant) source of 

discretization errors 
• possible to use EFT schemes (ChPT, Chiral Model, MLLGS)  to correct for taste-splitting effects 

before taking continuum extrapolation: continuum limit should not be affected 
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 cross section inputs to windows observables
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18

Comparing data-driven and lattice HVP results 
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).

aHVP
SD aHVP

int aHVP
LD aHVP

total

All channels
68.4(5) 229.4(1.4) 395.1(2.4) 693.0(3.9)
[9.9%] [33.1%] [57.0%] [100%]

2⇡ below 1.0 GeV
13.7(1) 138.3(1.2) 342.3(2.3) 494.3(3.6)
[2.8%] [28.0%] [69.2%] [100%]

3⇡ below 1.8 GeV
2.5(1) 18.5(4) 25.3(6) 46.4(1.0)
[5.5%] [39.9%] [54.6%] [100%]

[1] – – – 693.1(4.0)
[24] – 231.9(1.5) – 715.4(18.7)
[36] – 236.7(1.4) – 707.5(5.5)

Table 1: Window quantities for HVP, based on Refs. [7–9, 11], using the merg-
ing procedure from Ref. [1] and the window parameters (11) (for all channels,
2⇡ below 1.0 GeV, and 3⇡ below 1.8 GeV; in each case indicating the decompo-
sition of the total in %). Previous results from lattice QCD and phenomenology
are shown for comparison where available. All numbers in units of 10�10.

available.
In Sec. 2, we provide such comparison numbers for the stan-

dard windows from Ref. [24], with e+e� uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modified window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di↵erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conflicts
between e+e� data and lattice QCD.

2. Euclidean windows

The master formula for the HVP contribution in the data-
driven approach reads [98, 99]

aHVP
µ =

✓↵mµ
3⇡

◆2 Z 1

sthr

ds
K̂(s)

s2 Rhad(s) ,

Rhad(s) =
3s
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with kernel function
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µ
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s
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The integration threshold takes the value sthr = M2
⇡0 , since the

⇡0� channel is included, by convention, in the photon-inclusive
cross section. In lattice QCD, most collaborations employ the
time-momentum representation [100–102]

aHVP
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t)G(t) , (8)

with another known kernel function K̃(t) and G(t) given by the
correlator of two electromagnetic currents jem

µ

G(t) = �a3

3

3X

k=1

X

x
Gkk(t, x) ,

Gµ⌫(x) = h0| jem
µ (x) jem

⌫ (0)|0i , (9)

with the lattice spacing taken to the limit a ! 0. Windows in
Euclidean time are defined by an additional weight function in
Eq. (8). The ones proposed in Ref. [24]

⇥SD(t) = 1 � ⇥(t, t0,�) ,
⇥win(t) = ⇥(t, t0,�) � ⇥(t, t1,�) ,
⇥LD(t) = ⇥(t, t1,�) ,

⇥(t, t0,�) =
1
2
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1 + tanh

t � t0

�

◆
, (10)

were designed to separate short-distance, intermediate, and
long-distance contributions, respectively, with parameters

t0 = 0.4 fm , t1 = 1.0 fm , � = 0.15 fm . (11)
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).
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Table 1: Window quantities for HVP, based on Refs. [7–9, 11], using the merg-
ing procedure from Ref. [1] and the window parameters (11) (for all channels,
2⇡ below 1.0 GeV, and 3⇡ below 1.8 GeV; in each case indicating the decompo-
sition of the total in %). Previous results from lattice QCD and phenomenology
are shown for comparison where available. All numbers in units of 10�10.

available.
In Sec. 2, we provide such comparison numbers for the stan-

dard windows from Ref. [24], with e+e� uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modified window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di↵erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conflicts
between e+e� data and lattice QCD.

2. Euclidean windows

The master formula for the HVP contribution in the data-
driven approach reads [98, 99]
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The integration threshold takes the value sthr = M2
⇡0 , since the

⇡0� channel is included, by convention, in the photon-inclusive
cross section. In lattice QCD, most collaborations employ the
time-momentum representation [100–102]
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with another known kernel function K̃(t) and G(t) given by the
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Gµ⌫(x) = h0| jem
µ (x) jem

⌫ (0)|0i , (9)

with the lattice spacing taken to the limit a ! 0. Windows in
Euclidean time are defined by an additional weight function in
Eq. (8). The ones proposed in Ref. [24]

⇥SD(t) = 1 � ⇥(t, t0,�) ,
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were designed to separate short-distance, intermediate, and
long-distance contributions, respectively, with parameters

t0 = 0.4 fm , t1 = 1.0 fm , � = 0.15 fm . (11)
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new results in 2022/2023 for intermediate  window,   from six different lattice groups. 
blind analyses: Fermilab/HPQCD/MILC + RBC/UKQCD 
lattice-only comparison of light-quark connected  
contribution to intermediate window:

aW
μ
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Aubin et al . 19

Lehner & Meyer 20
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¬QCD OV/DWF 22
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Aubin et al . 22

Mainz/CLS 22
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LQCD vs dispersive evaluation of intermediate 
window observable

 tensions between LQCD and 
(pre-2023) data-driven evaluations
∼ (3.5 − 4)σ

What the hell is going on with HVP?

230 235 240 245

BMW 2020

RBC/UKQCD 2018

Mainz 2022

R-ratio data

RBC/UKQCD 2022

ETMC 2022

ETMC 2021

FNAL/HPQCD/MILC 2022

aHVP, win

µ ⇥ 1010

In this talk: no new answers, but old ones to frequently asked questions, and some

more perspectives

M. Hoferichter (Institute for Theoretical Physics) Dispersive determination of HVP in the muon g � 2 Sep 23, 2022 2

R-ratio data [Colangelo et al, arXiv:2205:12963]

compiled by M. Hoferichter

Lattice HVP: intermediate window (W)
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new results in 2022/2023 for intermediate  window,   from six different lattice groups. 
blind analyses: Fermilab/HPQCD/MILC + RBC/UKQCD 
lattice-only comparison of light-quark connected  
contribution to intermediate window:
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4

theory, we use the resulting central value as the total un-
certainty on the perturbative contribution. This enlarges
the uncertainty of the perturbative contribution without
DVs by a factor of about 10, and should provide a very
conservative assessment. The resulting inclusive-region
contribution is then

[awin,lqc
µ ]pt.QCD+DVs = 11.06(16)⇥ 10�10. (14)

The fourth and final ingredient in the determination of
awin,lqc
µ is an evaluation of the EM and SIB contributions

to be subtracted from the data-based results obtained
above before comparison with isospin-symmetric lattice-
QCD results. The general strategy employed for this
subtraction is detailed in Refs. [39] and [40]. The main
observation is that, to first order in IB, SIB is present
only in the MI component of ⇢EM(s). EM IB, on the
other hand, occurs in all of the pure I = 1/0 and MI com-
ponents. The IB correction to awin,lqc

µ then contains two
parts. The first, which appears in the pure I = 1 com-
ponent, is of EM origin. No breakdown of this correction
into individual exclusive-mode contributions is required;
an inclusive determination is su�cient. The situation for
the MI contribution is di↵erent since we must estimate
the MI contamination on a channel-by-channel basis, re-
moving from the “nominally” I = 1 results above the
component that arises from ⇢MI

EM
(s). These contributions

are expected to be dominated by the 2⇡ mode through
⇢� ! mixing in the process e+e� ! ! ! ⇢ ! 2⇡.

At present, given the absence of data-driven estimates
for some potentially important components of the pure
I = 1 EM IB contribution (see, e.g., the discussion in
the Appendix of Ref. [39]), we are forced to rely on the
lattice, and employ for this correction the result obtained
by BMW in Ref. [31],

�EMawin,lqc
µ = 0.035(59)⇥ 10�10 . (15)

This correction is very small, given the size of other un-
certainties, and we will neglect it in what follows.

The MI contamination to the 2⇡ exclusive mode was
obtained in Ref. [52] from 2⇡ electroproduction data fit-
ting a dispersive representation of the pion form factor
that includes ⇢ � ! mixing. The 2⇡ MI component is

found to be
⇥
awin

µ

⇤MI

⇡⇡
= 0.83(6) ⇥ 10�10, which is about

0.6% of the total 2⇡ contribution to awin

µ . Since the MI
components of other nominally I = 1 modes have no
analogous narrow-resonance enhancements, we consider
it very safe to assume that their MI total will not exceed
1% of the sum, 25.68⇥ 10�10, of their contributions. To
account for the total of the non-2⇡-mode MI contamina-
tions we thus add an uncertainty of 0.26 ⇥ 10�10 to the
2⇡ results of Ref. [52]. Using Eq. (7), this leads to a MI
correction of

�MIawin,lqc
µ = �0.92(7)2⇡(29)non�2⇡ ⇥ 10�10. (16)
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ETMC 22

Fermilab/HPQCD/MILC 23
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Data-based BBGKMP 23

awin,lqcµ ⇥ 1010

FIG. 1. Comparison of our final result (BBGKMP 23),
Eq. (17), with lattice results for awin,lqc

µ from [31] (BMW
20), [48] (LM 20), [49] (�QCD 23), [50] (ABGP 22), [33]
(Mainz/CLS 22), [34] (ETMC 22), [51] (FHM 23), and [35]
(RBC/UKQCD 23)

We are now in a position to obtain our final data-
driven estimate for awin,lqc

µ . Adding the contributions
from Eqs. (8), (13), (14), and applying the IB correction
of Eq. (16), we find, as our final result,

awin,lqc
µ = 198.8(1.1)⇥ 10�10. (17)

In Fig. 1, we compare our data-driven estimate with the
lattice-QCD results from 8 di↵erent collaborations. The
tension between the data-driven and lattice results is
striking. Assuming, for simplicity, all errors to be Gaus-
sian, we find tensions ranging from 3.3� to 6.1�. Our re-
sult indicates that the discrepancy between data-driven
and lattice-QCD results for awin

µ is almost entirely due to
the light-quark connected contribution, which, in turn,
is strongly dominated by the 2⇡ channel—accounting for
about 81% of the result of Eq. (17).
We note that our final result is based on the KNT19

data compilation. An equivalent analysis using other dis-
persive evaluations (e.g. DHMZ data [11, 13]) would be
desirable. We remark, however, that for the lqc contri-
bution to aHVP

µ , which can be obtained based on publicly
available results, KNT19- and DHMZ-based estimates
are in very good agreement [39].
In a forthcoming publication we will present re-

sults for several other window quantities, including
both the light-quark-connected and strange-quark-plus-
all-disconnected contributions, along with a much more
detailed discussion of the results presented here.
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ.  
Our aµ,win

light  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 
and ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.
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w0 scale setting 0.010 0.02 %
Tree-level corrections & q̂ 0.103 0.22 %
Lattice spacing cuts 0.077 0.16 %
Order of fit polynomials 0.085 0.18 %

Table 4: Light connected window observable a
light
µ,00�04. In the first row continuum extrapolations as

a function of a2 are shown, the points stand for data with and without tree-level correction and with
two di↵erent kernel functions, denoted by q and q̂. In the left figure in the second row the probability
distribution function including both statistical and systematic variations is shown with red color. The
median is given by the blue vertical line, the 1-sigma/2-sigma error band defined from the 16%/2% and
84%/98% percentiles is shown with green/yellow color. In the right figure in the second row a comparison
with other lattice results in the literature is shown. The references are given in the text. If available,
the statistical error is given as an inner error-bar. The table in the third row shows the total, statistical
and systematic errors, and also displays an error budget. All results correspond to the reference box-size,
Lref = 6.272 fm, except in the comparison plot, where infinite-volume values are given.
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• corrected: remove log-enhanced discretization  
effects at tree-level 

• :   ̂q

a noisy contribution with large finite-size and taste-violation e↵ects. We also split the time into several
windows. This way we allow the fit functions to be di↵erent in the di↵erent windows, which gives us more
control over statistical and systematic errors.

Regarding finite-size e↵ects we perform the continuum extrapolations in a finite box, called the ref-
erence box, with Lref spatial and Tref temporal extent. To get the infinite-volume result we compute
corrections in dedicated lattice simulations, this is described in Section 6.

In the following subsections we will start presenting our blinding procedure. Then we show results
for all windows, that are already available in the literature. In particular we consider the short-distance
window 00� 04, the intermediate-distance window 04� 10, and also a window at long distance 15� 19.
For some of these we use a subset of the configurations. On these observables we demonstrate our fit
procedure in detail. The results can then be also compared with the numbers in the literature3. Afterwards
we give an account on constructing the lattice result for the window 00� 28.

5.1 Blinding

To eliminate human bias a↵ecting the results of our analysis, it is performed fully blind and every step of
the analysis is independently crosschecked. When constructing the window observables from the current
correlation functions they are multiplied by a window dependent blinding factor. The full analysis from
fitting the window observables to performing the error analysis on the global fits is implemented and
performed independently by two or more groups, who do not know the values of the blinding factors. The
results of the analysis are then crosschecked at each stage. In every case consensus was reached. Once
the analysis procedures are finalized with full crosschecks, the blinding factors are revealed and divided out
to obtain the final results. Also a special script was written, which carried out the unblinding, added the
results to the manuscript and produced the plots of the paper, without the need of human intervention.
These procedures guarantee that no bias was involved in obtaining the final result.

5.2 Short-distance window

The short distance window is plagued by lattice artefacts that are logarithmically enhanced compared to
the usual case with on-shell observables [34]. These artefacts arise from arbitrary small time separations,
aµ,00�04 is not an on-shell quantity. We can improve the behavior by removing part of these discretisation
errors using lattice perturbation theory. We define our tree-level improved observable by the transformation

a
light
µ,00�04 ! a

light
µ,00�04 + a

tree
µ,00�04(0)� a

tree
µ,00�04(a) , (22)

where tree stands for leading-order infinite-volume massless staggered perturbation theory. The positive
e↵ect of the improvement can be seen in the top figure of Table 4 for the light case. We only applied
this improvement for the light contribution, since the disconnected component vanishes at this order in
perturbation theory.

We also investigate the lattice artefacts varying the kernel function the current correlator is multiplied
with. In particular we change the square bracket in Equation (65) of [5]


t
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(aQ)2
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✓
aQt
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◆�
!

"
t
2 � 4

(aQ̂)2
sin2

✓
aQt

2

◆#
(23)

where Q is the momentum of the hadron vacuum polarization and the Q̂ denotes the lattice momentum
defined by Q̂ = 2 sin(aQ/2)/a. The so obtained data points are also shown in the top figure of Table 4
for the light and that of Table 5 for the disconnected contribution. The lattice artefacts are larger in this

3We perform the comparisons in the isospin-symmetric theory, where a scheme ambiguity is present, see Section 3.
This has been studied numerically in the recent work of RBC [33]. In case of the 04 � 10 window an ambiguity of
�alightµ,04�10 = 0.10(24)(07) was found, much smaller than current uncertainties.
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Continuum extrapolations of data with ``No 
improvement” (green) excluded from model average.  
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FNAL/HPQCD/MILC @ Lattice 2024: 

FIG. 2. Visual representation of the correlation function datasets on the ensembles from Table I
used in this work. Circles correspond to datasets computed with TSM, squares to datasets improved
with eigenvectors. Solid colors are local vector current datasets, hatched are one-link operator
datasets. The area of the symbols correspond to statistics on each ensemble. We stress that
due the di↵erent ways these datasets were generated, only statistical comparisons within specific
observables are sensible.

TABLE III. Renormalization factors for the local and one-link vector current used in this work.
Results are taken from Ref. [30] for the local current are given in column one. RI-SMOM results
for the local the one-link currents are taken from [31] and are given in columns two and three. The
0.042 one-link result is obtained from the fit described in that work.

⇡ a/fm Z
FF
V, local Z

RI-SMOM
V, local Z

RI-SMOM
V, one-link

0.15 0.9881(10) 0.95932(18) 1.14017(20)
0.12 0.9922(4) 0.97255(22) 1.13784(24)
0.09 0.9940(5) 0.98445(11) 1.13428(13)
0.06 0.9950(6) 0.99090(36) 1.12518(39)
0.04 0.9949(7) 0.99203(108) 1.11811(68)

III. ANALYSIS PROCEDURE

Our over-arching analysis approach follows what is laid out in Ref. [6]. In particular,
we first blind all the window observables separately with randomly-chosen multiplicative
blinds drawn from a uniform distribution over the range [0.7, 1.3]; di↵erent for SIB due
to sign, also additive blind. (mine were drawn from [0.95,1.05] or something (will check
later), maybe move this to individual analysis section). These blinds are held in place
until each individual analysis is complete. The analyses are then frozen and the unblinding
is performed. For analyses where ratios of observables with common blinding factors are
considered, i.e., �a

ud
µ (SIB) and �aµ(QED), we include additional additive blinds. The

specifics of this are described in the corresponding sections Secs. IIID and III E. Don’t
forget to actually put these descriptions in!
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SD uncertainty summary

I Competitive uncertainties for all flavors.

I HISQ local-current mitigating log-enhancement.

I Light: reduced scale setting and EFT model dependence in SD shows
strength of new dataset.

Short-distance window 12 / 14
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μ

W uncertainty summary

I Scale setting (w0 fm) is significant uncertainty in all contributions
(Inner error bar: no abs. scale setting uncertainty.).
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W uncertainty summary

I Scale setting (w0 fm) is significant uncertainty in all contributions
(Inner error bar: no abs. scale setting uncertainty.).
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SD uncertainty summary

I Competitive uncertainties for all flavors.

I HISQ local-current mitigating log-enhancement.

I Light: reduced scale setting and EFT model dependence in SD shows
strength of new dataset.

Short-distance window 12 / 14

update: Fermilab/HPQCD/MILC 2024

Lattice HVP: windows
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• statistical/systematic errors at long distances,  still large:t ≳ 2.5 fmData-driven partial-tail comparison with lattice

0.95 1.00 1.05 1.10
aµ,28�35 / Average

Avg. (with Tau)

Avg. (no Tau)

Tau

KLOE

CMD-3

BaBar

Lattice

All data-driven result agree very well

Weighted average taken w/ and w/out ⌧ :
�2dof = 1.1 for both

Final number: average w/ ⌧ , PDG factor,
and systematic = full difference ⌧ /no-⌧
added linearly

aLO-HVP
µ,28-35 = 18.12(11)(5)[16]

Excellent agreement w/ lattice, but
uncertainty reduced by factor ⇠ 15

Laurent Lellouch Lattice@CERN 2024, July 18, 2024

BMW+DMZ 24 [A. Boccaletti et al, arXiv:2407.10913]

Lattice HVP: long-distance window
update: BMW+DMZ 2024

Of window and tail

l

Tail aLO-HVP
µ,28-1 contributes <

⇠ 5% to final result for
aµ

Tail dominated by cross section below ⇢ peak:
⇠ 75% for

p
s  0.63 GeV

Partial tail aLO-HVP
µ,28-35 for comparison with lattice

dominated by cross section below ⇢ peak:
⇠ 70% for

p
s  0.63 GeV

For small
p

s radiative-correction issues are less
pronounced [DHLMZ ’23]

Region well controlled by theory (�PT,
analyticity, unitarity, . . . ) and other experimental
constraints (e.g. hr2

⇡i)

(plots made w/ KNT ’18 data set)

Laurent Lellouch Lattice@CERN 2024, July 18, 2024

Laurent Lellouch @ Lattice @ CERN: 

https://indico.cern.ch/event/1313552/timetable/#20240718
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Figure 34: The relative di↵erences of the pion form
factors obtained in the ISR experiments (BABAR,
BESIII, CLEO, KLOE) and the CMD-3 fit result.
The green band corresponds to the systematic un-
certainty of the CMD-3 measurement.
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Figure 35: The relative di↵erences of the pion form
factors obtained in the previous energy scan mea-
surements (CMD-2, SND, SND2k) and the CMD-3
fit result. The green band corresponds to the sys-
tematic uncertainty of the CMD-3 measurement.

44]. Figure 33 shows the comparison of the measured form factor with the expectation com-

ing only from the vacuum polarization described by the |F ��=0
⇡ (s)

1�Pnot���res(m2
�)

1�P(s) |2 function.
The obtained result for the ! ! ⇡+⇡� decay is the following:

B!!⇡+⇡�B!!e+e� = (1.204± 0.013± 0.023)⇥ 10�6, (15)

where the first and second errors correspond to the statistical and systematic uncertain-
ties. Both errors include the ⇠ 1.3 scale factor related to the uncertainty of the radiative
correction. It is obtained in the same way as discussed above for the �-meson case.

The comparison of the pion form factor measured in this work with the results obtained
in the most recent ISR experiments (BABAR [28], KLOE [25, 26], BESIII [29]) is shown
in Fig. 34. The comparison with the most precise previous energy scan experiments (CMD-
2 [19, 20, 21, 22], SND [23] at the VEPP-2M and SND [30] at the VEPP-2000) is shown
in Fig. 35. The e+e� ! ⇡+⇡� cross section obtained by CMD-3 significantly deviates
from the results of previous measurements, including the one performed by the CMD-2
experiment, the predecessor of CMD-3. It should be noted that the same scale discrepancies
have already been observed in previous measurements, e.g., between KLOE and BABAR as
seen in Fig. 34. The reason for these discrepancies is unknown at the moment. CMD-3 and
CMD-2, as well as SND, are the same-type experiments, out of which CMD-3 is the next-
generation one, considering improvements in detector performance, much more sophisticated
data analysis and a comprehensive study of systematic e↵ects based on more than an order of
magnitude larger statistics. The limitation in available statistics before may have led to some
systematic contributions being missed from consideration as an e↵ect may be hidden under
statistical precision. The CMD-3 and CMD-2 share only one detector subsystem, the Z-
chamber. Therefore, CMD-3 and CMD-2 should be considered as independent experiments
in series of e+e� ! ⇡+⇡� cross-section measurements. Further studies based on data from
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Figure 34: The relative di↵erences of the pion form
factors obtained in the ISR experiments (BABAR,
BESIII, CLEO, KLOE) and the CMD-3 fit result.
The green band corresponds to the systematic un-
certainty of the CMD-3 measurement.
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Figure 35: The relative di↵erences of the pion form
factors obtained in the previous energy scan mea-
surements (CMD-2, SND, SND2k) and the CMD-3
fit result. The green band corresponds to the sys-
tematic uncertainty of the CMD-3 measurement.

44]. Figure 33 shows the comparison of the measured form factor with the expectation com-

ing only from the vacuum polarization described by the |F ��=0
⇡ (s)

1�Pnot���res(m2
�)

1�P(s) |2 function.
The obtained result for the ! ! ⇡+⇡� decay is the following:

B!!⇡+⇡�B!!e+e� = (1.204± 0.013± 0.023)⇥ 10�6, (15)

where the first and second errors correspond to the statistical and systematic uncertain-
ties. Both errors include the ⇠ 1.3 scale factor related to the uncertainty of the radiative
correction. It is obtained in the same way as discussed above for the �-meson case.

The comparison of the pion form factor measured in this work with the results obtained
in the most recent ISR experiments (BABAR [28], KLOE [25, 26], BESIII [29]) is shown
in Fig. 34. The comparison with the most precise previous energy scan experiments (CMD-
2 [19, 20, 21, 22], SND [23] at the VEPP-2M and SND [30] at the VEPP-2000) is shown
in Fig. 35. The e+e� ! ⇡+⇡� cross section obtained by CMD-3 significantly deviates
from the results of previous measurements, including the one performed by the CMD-2
experiment, the predecessor of CMD-3. It should be noted that the same scale discrepancies
have already been observed in previous measurements, e.g., between KLOE and BABAR as
seen in Fig. 34. The reason for these discrepancies is unknown at the moment. CMD-3 and
CMD-2, as well as SND, are the same-type experiments, out of which CMD-3 is the next-
generation one, considering improvements in detector performance, much more sophisticated
data analysis and a comprehensive study of systematic e↵ects based on more than an order of
magnitude larger statistics. The limitation in available statistics before may have led to some
systematic contributions being missed from consideration as an e↵ect may be hidden under
statistical precision. The CMD-3 and CMD-2 share only one detector subsystem, the Z-
chamber. Therefore, CMD-3 and CMD-2 should be considered as independent experiments
in series of e+e� ! ⇡+⇡� cross-section measurements. Further studies based on data from
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[CMD-3, F. Ignatov et al, arXiv:2302.08834, PRD2024]

• For : good consistency between cross section measurements 
• For : significant differences between measurements

s ≲ 0.6 GeV
0.6 GeV ≲ s ≲ 1 GeV

https://arxiv.org/abs/2302.08834
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• statistical/systematic errors at long distances,  still large:t ≳ 2.5 fmData-driven partial-tail comparison with lattice

0.95 1.00 1.05 1.10
aµ,28�35 / Average

Avg. (with Tau)

Avg. (no Tau)

Tau

KLOE

CMD-3

BaBar

Lattice

All data-driven result agree very well

Weighted average taken w/ and w/out ⌧ :
�2dof = 1.1 for both

Final number: average w/ ⌧ , PDG factor,
and systematic = full difference ⌧ /no-⌧
added linearly

aLO-HVP
µ,28-35 = 18.12(11)(5)[16]

Excellent agreement w/ lattice, but
uncertainty reduced by factor ⇠ 15

Laurent Lellouch Lattice@CERN 2024, July 18, 2024

[Laurent Lellouch Lattice @ CERN]

Data-driven partial-tail comparison with lattice
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Avg. (no Tau)
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BaBar
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All data-driven result agree very well

Weighted average taken w/ and w/out ⌧ :
�2dof = 1.1 for both

Final number: average w/ ⌧ , PDG factor,
and systematic = full difference ⌧ /no-⌧
added linearly

aLO-HVP
µ,28-35 = 18.12(11)(5)[16]

Excellent agreement w/ lattice, but
uncertainty reduced by factor ⇠ 15

Laurent Lellouch Lattice@CERN 2024, July 18, 2024

Data-driven partial-tail comparison with lattice
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aµ,28�35 / Average

Avg. (with Tau)

Avg. (no Tau)
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KLOE

CMD-3

BaBar

Lattice

All data-driven result agree very well

Weighted average taken w/ and w/out ⌧ :
�2dof = 1.1 for both

Final number: average w/ ⌧ , PDG factor,
and systematic = full difference ⌧ /no-⌧
added linearly

aLO-HVP
µ,28-35 = 18.12(11)(5)[16]

Excellent agreement w/ lattice, but
uncertainty reduced by factor ⇠ 15

Laurent Lellouch Lattice@CERN 2024, July 18, 2024

Data-driven tail

0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04
aµ,28�1 / Average

Avg. (with Tau)

Avg. (no Tau)

Tau

KLOE

CMD-3

BaBar

All data-driven result agree very well

Weighted average taken w/ and w/out ⌧ :
�2dof = 1.0 and 0.8

Final number: average w/ ⌧ , and
systematic = full difference ⌧ /no-⌧ added
linearly

aLO-HVP
µ,28-1 = 27.59(17)(9)[26]

Only <⇠ 5% of final result for aµ

Contributes ⇠ 65% to total squared
uncertainty uncertainty improvement:
5.5 ! 3.3

Laurent Lellouch Lattice@CERN 2024, July 18, 2024

BMW+DMZ 24 [A. Boccaletti et al, arXiv:2407.10913]

➠ hybrid evaluation: combine lattice QCD calculation of one-sided window  with 
data-driven evaluation of long tail, . 

aμ(t1 = 2.8 fm)
t > 2.8 fm

Lattice HVP: long-distance window
update: BMW+DMZ 2024

https://indico.cern.ch/event/1313552/timetable/#20240718
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Group A global fits and model average (2/2)
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a ! 0 correction is within statistical noise! Result statistics dominated.
13 / 16
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long-distance window  and full aLD
μ all

μ (conn.)
Unblinded results in BMW20 isospin-symmetric world

Benton et al. 2024

RBC/UKQCD 2024

380 385 390 395 400 405 410 415 420
aµ, ud, conn, isospin, W-LD-1.0-0.15 × 1010

Boito et al. 22/DHMZ
Boito et al. 22/KNT
RBC/UKQCD 2024
Aubin et al. 2022

LM 2020
BMW 2020
ETMC 2019
Mainz 2019
FHM 2019
SK 2019

ETMC 2018
RBC/UKQCD 2018

600 620 640 660 680 700
aµ, ud, conn, isospin × 1010

Result for aiso lqc
µ with 7.5/1000 precision.

aLD iso lqc
µ = 411.4(4.3)stat.(2.3)syst. ⇥ 10�10

,

aiso lqc
µ = 666.2(4.3)stat.(2.5)syst. ⇥ 10�10

.

More high-precision lattice results needed for consolidation of full aiso lqc
µ !

15 / 16

• ``BMW20 world”: fixed   
scale uncertainty not included 

• paper in progress

w0 = 0.1716 fm

Lattice HVP: long-distance window

update: RBC/UKQCD 2024

C. Lehner @ Lattice 2024
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all
µ
(conn.) - Full

Michael Lynch @ Lattice 2024

long-distance window  and full aLD
μ all

μ (conn.)all
µ
(conn.) - LD window

all
µ
(conn.) - LD window all

µ
(conn.) - Full

update: Fermilab/HPQCD/MILC 2024

Lattice HVP: long-distance window
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all
µ
(conn.) - LD window

Total error result

• Inner error w/o scale setting (w0 fm)
uncertainty

• Scale setting is now dominant error
contributor.

Total error result

• Inner error w/o scale setting (w0 fm)
uncertainty

• Scale setting is now dominant error
contributor.

all
µ
(conn.) - Full

Outlook

We expect further improvements in stat., sys. uncertainties from...

• Generation of correlator data at a lattice spacing of 0.04 fm is in progress.

• Improved scale setting via M⌦.

• Joint fit analysis with multiple vector current discretizations

• Direct finite volume study: L ⇠ 5.5 fm ! L ⇠ 11 fm (at a = 0.09 fm) to replace
EFT-based FV error estimates.

• Calculation of two-pion contributions to vector-current correlation functions at
finer lattice spacings.

Total error result

• Inner error w/o scale setting (w0 fm)
uncertainty

• Scale setting is now dominant error
contributor.

long-distance window  and full aLD
μ all

μ (conn.)

Michael Lynch @ Lattice 2024update: Fermilab/HPQCD/MILC 2024

Lattice HVP: long-distance window



A. El-Khadra SE g-2 School, 2-6 Sep 2024 58

L 

a 

x 

M. Garofalo @ Lattice 2024`-quark connected [Preliminary]

625⇥10
�10

650⇥10
�10

675⇥10
�10

700⇥10
�10

725⇥10
�10

0.000 0.002 0.004 0.006 0.008

a2[fm]

a µ
(
`)

OS

TM

3� � fit

I Data extrapolated to L = 5.46 fm using
Meyer-Lellouch-Lüscher-Gounaris-Sakurai (MLLGS)
approach

I Correction to isoQCD pion point with MLLGS,
lattice calculation in progress

I Significant reduction of uncertainty possible

* Statistic at the two finest lattice spacing not final,
better bounding and a finer lattice spacing

* Considering models to reduce lattice artefacts and
improve continuum extrapolation

8 / 12

blinded

`-quark connected [Preliminary]
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(
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3� � fit

I Data extrapolated to L = 5.46 fm using
Meyer-Lellouch-Lüscher-Gounaris-Sakurai (MLLGS)
approach

I Correction to isoQCD pion point with MLLGS,
lattice calculation in progress

I Significant reduction of uncertainty possible

* Statistic at the two finest lattice spacing not final,
better bounding and a finer lattice spacing

* Considering models to reduce lattice artefacts and
improve continuum extrapolation

8 / 12

also prelim. results for strange & charm

Lattice HVP: full window

update: ETMC 2024
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S. Kuberski @ Lattice 2024

(ahvpµ )LD �� ��� ��������� �������: ������ ����������
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350

360

370

380

(a
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Dependence of (a3,3µ )
LD

on a2 at physical quark
masses.

Four sets of data (colors)
di�er by O(a2).

Each line represents a fit
in the model average.

Include terms à la
[↵s(1/a)]

0.395 a2

[Husung, ����.�����].

Contains artificial cuto� e�ects from the blinding procedure.

Higher order cuto� e�ects have a small weight in the model average.
�� / ��

(ahvpµ )LD �� ��� ��������� �������
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Quark-disconnected diagram contributes significantly to noise in the isoscalar
channel, despite using multiple noise reduction techniques [Cè et al., ����.�����].

Bounding method in the isoscalar channel to tame the long-distance tail.

Leading finite-size e�ects of light-connected and disconnected cancel.
�� / ��

(ahvpµ )LD: S����� ��� �������

Achievements

High statistical precision at mphys
⇡ and excellent control of the m⇡ dependence.

Large span of lattice spacings to control the continuum extrapolation.

Challenges

Scale setting remains a dominant source of uncertainty.
The global status of gradient flow scales is unsatisfactory [FLAG��].

Autocorrelation hinders precise estimates at very fine lattice spacing.

Isospin breaking e�ects need to be computed accurately.
[Julian Parrino, Thu �:��] [Dominik Erb, Thu ��:��]

�� / ��

(ahvpµ )LD: S����� ��� �������

Achievements

High statistical precision at mphys
⇡ and excellent control of the m⇡ dependence.

Large span of lattice spacings to control the continuum extrapolation.

Challenges

Scale setting remains a dominant source of uncertainty.
The global status of gradient flow scales is unsatisfactory [FLAG��].

Autocorrelation hinders precise estimates at very fine lattice spacing.

Isospin breaking e�ects need to be computed accurately.
[Julian Parrino, Thu �:��] [Dominik Erb, Thu ��:��]

�� / ��

A������������

Stay tuned for our unblinded result for (ahvpµ )
LD!

Related work of the Mainz group at Lattice ����:
I The timelike pion form factor and other applications of I = 1⇡⇡ scattering

[Nolan Miller, Tue ��:��]
I The hadronic contribution to the running of ↵ and the electroweak mixing angle

[Alessandro Conigli, Thu �:��]
I Machine-learning techniques as noise reduction strategies in lattice calculations
of the muon g � 2 [Hartmut Wittig, Wed ��:��]

I UV-finite QED correction to the hadronic vacuum polarization contribution
to (g � 2)µ [Julian Parrino, Thu �:��]

I The isospin-violating part of the hadronic vacuum polarisation
[Dominik Erb, Thu ��:��]

�� / ��

Lattice HVP: long-distance window

update: Mainz 2024
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Lattice HVP: outlook

60

More windows:   
Use linear combinations of finer windows to locate the tension (if it persists) in      
[Colangelo et al, arXiv:12963] 

One-sided windows (excluding the long-distance region  )  to test data-driven 
evaluations [Davies at at, arXiv:2207.04765] 

For total HVP and long-distance window:  
expect unblinded lattice results by fall from Mainz and FNAL/HPQCD/MILC 
➠ check for consolidation 
Including  states for refined long-distance computation  
(Mainz, RBC/UKQCD, FNAL/MILC) 
smaller lattice spacings to test continuum extrapolations crucial 

s

t ≳ 2.5 fm

ππ

Ongoing work:

L 

a 

x 

➠ Slides from Lattice 2024 conference

https://conference.ippp.dur.ac.uk/event/1265/overview
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Summary
consistent results from independent, precise LQCD calculations for light-quark connected contribution 
to intermediate window   (~ 1/3 of )   ➠  tension with (pre-2023) data-driven results   
still need more independent LQCD results for long-distance contribution, total HVP: coming soon 
➠ develop method average for lattice HVP results, assess tensions (if any)  
Programs and plans in place for: 

data-driven HVP:  
new analyses from BaBar, KLOE, SND, Belle II,…. will shed light on current discrepancies  
(blind analyses are paramount!) 
improved treatment of structure dependent radiative corrections (NLO) in  and  channels 
lattice HVP: if no tensions between independent lattice results,  
dispersive HLbL and lattice HLbL 

IF persistent tensions between data-driven and lattice HVP: will need detailed comparisons, explore 
connections between HVP, , , global EW fits.  
including  decay data in data-driven approach:  
requires nonperturbative evaluation of IB correction  [M. Bruno et al, arXiv:1811.00508] 
  

➠ continued coordination by Theory Initiative: 2nd WP in progress

aW
μ aHVP,LO

μ > 4 σ

ππ πππ
∼ 0.5 %

σ(e+e−) Δα
τ

➠ H. Meyer, A. Kupsch, F. Hagelstein
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Outlook
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Complexity

✓
fK±

fB(s)

fB!⇡
+,0,T (q

2)

B̂K

hB̄0

q |O�B=2

i |B0

q i

h⇡⇡(I=2)|H�S=1|K0i

h⇡⇡(I=0)|H�S=1|K0i

�MK , ✏K

LQCD flagship 
results

First complete 
LQCD results, 

large(ish) errors 

First results, 
physical params, 

incomplete 
systematics

new methods, pilot 
projects, unphysical 
kinematics

hD̄0|O�C=2

i |D0i

K+ ! ⇡+⌫⌫̄

K+ ! ⇡+`+`�

K+ ! `+⌫ (�)

…

…

other inclusive 
decay rates, 

…

new ideas, 
first studies

B → Xcℓν,

aHVP LO
µ aHLbL

µ

nucleon form factors, ..

MEs for light nuclei
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Outlook
Experimental program beyond 2025:  

J-PARC: Muon g-2/EDM 
CERN: MUonE 
Fermilab: future muon campus experiments?  
Belle II, BESIII, Novosibirsk,… 
Chiral Belle (?) 

Data-driven/dispersive program beyond 2025: 
development of NNLO MC generators 
for HLbL, improved experimental/lattice inputs together with further development of 
dispersive approach  

MUonE will provide a space-like determination of HVP 
Lattice QCD beyond 2025:  

access to future computational resources (coming  Exascale)  will enable improvements of 
all errors (statistical and systematic) 
concurrent development of better methods and algorithms (gauge-field sampling, noise 
reduction) will accelerate progress  
beyond g-2: a rich program relevant for all areas of HEP  



Farah WillenbrockMax Hansen

Jonna Koponen Xiao-Ming Xu

Thank you!
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https://conference-indico.kek.jp/event/257/overview
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Bayesian Model Averaging
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Bayesian model averaging Ethan Neil (Colorado)

Bayesian model averaging: key ideas

5
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hOi =
X

M

hOiM pr(M |D)

• Asymptotically correct model weights are given by 
the (Bayesian) Akaike information criterion (AIC):  

• Bayesian model averaging: obtain any 
expectation value as a weighted average

(sketch adapted from S. Konishi and G. Kitagawa, Information Criteria 
and Statistical Modeling, Springer Series in Statistics, 2008)

<latexit sha1_base64="2euEsptcxsv2BUfVvkr228ENKF0="></latexit>

�2 log pr(M |D) = �2 log pr(M) + BAIC

BAIC = �̂2(a⇤) + 2k

(EN and W. Jay, arXiv:2008.01069)

• Note that this applies at the level of expectation 
values.  In particular, for mean and variance we find:

average stat. error model-variation systematic

• This is not the same as taking a weighted average of 
variances (first term), or taking the variance of the 
weighted f(a*).

pr(M) is model prior prob - unless you know what this 
is, take it to be uniform and ignore it.

Ethan Neil @ Lattice 2024 ➠ see also poster by Jake Sitison

Bayesian model averaging Ethan Neil (Colorado)

• Some history: we didn’t bring model 
averaging to lattice, we “added the B” 
(Bayesian MA), found new ICs, and tried to 
clarify statistical derivations/details.


• Several early variations of model averaging/
variation appear in lattice papers: Y. Chen et 
al. ’04, BMW ’08, HPQCD ’08, FNAL/MILC 
’14, BMW ’14…however, many old papers 
use ad hoc averaging prescriptions.


• First use of AIC for lattice is BMW ’15; see 
also CalLat ’18, ’20, Rinaldi et al. ’19.  (More 
refs in our paper, including statistics papers 
back to the ‘70s.)


• First use of AIC with data penalty is BMW 
’21 (although I will argue for a corrected 
version of their formula here.)

4

[BMW ’08]: (BMW collaboration, Science 322 (2008), arXiv:0906.3599)

[FNAL/MILC ’14]: (FNAL/MILC collaboration, PRD 90 (2014), arXiv:1407.3772)

[CalLat ’18]: (CalLat collaboration, Nature 558 (2018), arXiv:1805.12130)

[HPQCD ’08]: (HPQCD collaboration, PRD 78 (2008), arXiv:0807.1687)

[Y. Chen et al ’04]: arXiv:hep-lat/0405001
[BMW ’14]: PRD 90 (2014), arXiv:1310.3626 
[BMW ’15]: Science 347 (2015), arXiv:1406.4088 
[Rinaldi et al. ’19]: PRD 99 (2019), arXiv:1901.07519 
[CalLat ’20]: PRD 102 (2020), arXiv:2005.04795 
[BMW ’21]: Nature 593 (2021), arXiv:2002.12347 
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Long-distance tail (ud)

68

• Spectral reconstruction:  

✦  obtain low-lying finite-volume spectrum ( ) in dedicated study using additional operators that couple to two-pion states 
✦ First LQCD calculation with staggered multi-pion operators 
✦ Construct matrix of correlators (2,3,4-point functions) 

✦ Use GEVP to obtain energies and amplitudes for  states 

✦ Reconstruct vector-current correlator

En, An

ππ

Staggered two-pion states on the lattice

7/26/2021 8

,

❖ Operators for all states up to rho 
energy.

❖ Need all taste irrep rows to account 
for irrep splitting at non-zero mom.

Solve GEVP:

[Shaun Lahert et al, arXiv: 2409.00756] 
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C(t) =
1
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X
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μ-e  elastic scattering to measure               
  

LOI June 2019 [P. Banerjeei et al, arXiv:2004.13663, Eur.Phys.J.C 80 (2020)] 

aHVP

µ

M. Passera    KEK   Feb 12 2018 7

Muon-electron scattering

Abbiendi, Carloni Calame, Marconi, Matteuzzi, Montagna,  

Nicrosini, MP, Piccinini, Tenchini, Trentadue, Venanzoni 

EPJC 2017 - arXiv:1609.08987 

e e

Hadronst

M. Passera    KEK   Feb 12 2018 19

μe

• use CERN M2 muon beam (160 GeV) 
• Physics beyond colliders program @ CERN 
• LOI June 2019 
• pilot run in 2022, adding more stations 

2023-2026 
• goal < 0.5% uncertainty

Hadronic vacuum polarization

69

From time-like to space-like evaluation of a
HLO
µ
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Smooth function
7! Time-like: combination of many experimental data sets,

control of RCs better than O(1%) on hadronic channels required.
7! Space-like: in principle, one single experiment,

it’s a one-loop e�ect, very high accuracy needed.
C.M. Carloni Calame (INFN, Pavia) MUonE 4 / 34

Theoretical progress: 
development of  (N)NLO MC and 
computation  of QED corrections

μ − e

https://cds.cern.ch/record/2677471/files/SPSC-I-252.pdf
https://arxiv.org/abs/2004.13663
https://cds.cern.ch/record/2677471/files/SPSC-I-252.pdf
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aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections

70

 also depends on the hadronic vacuum polarization function, and can be written as an integral 
over , but weighted towards higher energies.  

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020, Malaescu & Scott 2020] 

If the shift in  is in the low-energy region ( ), the impact on  and EW fits is small. 

Δαhad(M2
Z)

σ(e+e− → hadrons)
aHVP

μ Δαhad(M2
Z)

aHVP
μ ≲ 1 GeV Δαhad(M2

Z)
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αs

71

0.7%

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]

J. Huston, K. Rabbertz, G. Zanderighi   
[PDG QCD review]

33 9. Quantum Chromodynamics
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Figure 9.2: Summary of determinations of –s(m2

Z) with uncertainty in the seven sub-fields as dis-
cussed in the text. The yellow (light shaded) bands and dotted lines indicate the pre-average values
of each sub-field. The dashed line and blue (dark shaded) band represent the final world average
value of –s(m2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination
including a simultaneous fit of PDFs.

1st December, 2023

http://arxiv.org/abs/arXiv:2111.09849
https://pdg.lbl.gov/2022/reviews/rpp2022-rev-qcd.pdf
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quark masses

72

5%

1.0% 0.3%

0.6%1.5%

S. Aoki et al [FLAG 2021 review, 
arXiv:2111.09849, EPJC 2022]

Note: PDG quark mass 
listings still need to be 
adjusted. 

http://arxiv.org/abs/arXiv:2111.09849
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L 
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L 
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 quarkb

 mesonB

   ➠ leading discretization errors  
                                 (using same action as for light quarks)   
mb ≳ a−1 ≫ Λ ∼ (amb)2

use EFT (HQET, NRQCD) ➠  expansion 
• lattice HQET, NRQCD: use EFT to construct lattice action  

complicated continuum limit 
nontrivial matching and renormalization  

• relativistic heavy quark approach: Fermilab (1996), also Tsukuba (2003), RHQ (2006) 
matching relativistic lattice action via HQET to continuum 
nontrivial matching and renormalization 

Λ/mb

   +  highly improved light quark action            
       ➠ same action for all quarks  
       ➠ simple renormalization (Ward identities)

a−1 > mb ≫ Λ

➠ (few-5)% errors

➠ (1-3)% errors

➠ < 1% errors

EFTs co-developed 
continuum/lattice 

L 

a 

x Lattice QCD Introduction: finding beauty
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SM prediction for rare leptonic decay rate

[Beneke et al, arXiv:1908.07011, JHEP 2019]

Rare leptonic decay Bs → μμ

Branching fractions

6

1 2 3 4 5
]9−) [10−µ+µ → 0

s
(BΒ

SM Prediction
Beneke et al, JHEP 10 (2019) 232 0.14 ± 3.66

LHCb
PRL 118 (2017) 191801  0.6− 

 +0.73.0

CMS
JHEP 04 (2020) 188 0.65− 

 +0.722.94

ATLAS
JHEP 04 (2019) 098  0.7− 

 +0.82.8

ATLAS+CMS+LHCb
BPH-20-003 0.35− 

 +0.372.69

LHCb
PRL 128 (2022) 041801 0.44− 

 +0.483.09

CMS
BPH-21-006 0.41− 

 +0.443.83

No evidence for B0 -> μ+μ-

Silvano Tosi @ LHCP2023
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other

CKM

fBs

error2

0.6%

• includes structure-dependent QED corrections 
• dominant uncertainty due to  
• LQCD decay constant sub dominant source of 

uncertainty

|Vcb |

S. Aoki et al [FLAG 2021 review, arXiv:2111.09849, EPJC 2022]
Silvano Tosi @ LHCP2023

http://arxiv.org/abs/arXiv:2111.09849
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FIG. 8. Decay constants plotted in units of fp4s vs the heavy-strange meson mass for physical-mass
ensembles at three lattice spacings, and continuum extrapolation. For each color there are two sets
of data and fit lines: one with valence light mass mx = ms (higher one), and one with mx = mu.
The dashed vertical lines indicate the cut amh = 0.9 for each lattice spacing, and data points (with
open symbols) to the right of the dashed vertical line of the corresponding color are omitted from
the fit. The width of the fit lines shows the statistical error coming from the fit. The solid vertical
lines indicate the D and B systems, where MHs

= MDs
and MHs

= MBs
, respectively.

Altogether we have 492 lattice data points in the base fit and 60 parameters in the EFT
fit function. The fit has a correlated �

2
data/dof = 466/432, giving p = 0.12. Figure 8

shows a snapshot of the decay constants for physical-mass ensembles, plotted versus the
corresponding heavy-strange meson masses MHs

at three lattice spacings. The continuum
extrapolation is also shown. The valence light mass mx is tuned either to ms (upper points)
or to mu (lower points). Data points with open symbols that are at the right of the dashed
vertical line of the corresponding color are omitted from the fit because they have amh > 0.9.
The fact that the fit lines agree well with the omitted points is evidence that we have not
overfit the data. In the continuum extrapolation, the masses of sea quarks are set to the
correctly-tuned, physical quark masses ml, ms, and mc, while at nonzero lattice spacing the
masses of the sea quarks take the simulated values.

The width of the fit lines in Fig. 8 shows the statistical error coming from the fit, which
is only part of the total statistical error, since it does not include the statistical errors in the
inputs of the quark masses and the lattice scale. To determine the total statistical error of
each output quantity, we divide the full data set into 20 jackknife resamples. The complete
calculation, including the determination of the inputs, is performed on each resample, and
the error is computed as usual from the variations over the resamples. (For convenience, we
kept the covariance matrix fixed to that from the full data set, rather than recomputing it

29

FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0,M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c
 mh  5m0

c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1

A. Bazavov et al [FNAL/MILC, arXiv:1712.09262, 2018 PRD]

small errors due to physical light quark masses 
improved quark action with small discretization errors even for heavy quarks 
no renormalization (Ward identity)
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ĺ
 = m

ś
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FIG. 7. Valence heavy-quark masses vs. lattice-spacings of ensembles used in this calculation,
in units of the simulation charm sea-quark mass. Symbol shapes indicate the value of the light
sea-quark masses, with diamonds, squares, and circles corresponding to m

0
l
= m

0
s/5, m

0
s/10, and

physical, respectively. The symbol area is proportional to the statistical sample size. The black
(gray) hyperbola shows amh = 0.9 (amh = ⇡/2). The horizontal dashed lines indicate the physical
bottom and charm masses.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

The rest of this section is organized as follows. In Sec. VA, we construct an EFT-based
fit function with enough parameters (60) to describe the data as a function of the light- and
heavy-quark masses and lattice spacing. For convenience, the complete final expression is
written out in Sec. VB. Next, Sec. VC explains how we convert our decay-constant data
from lattice units to “p4s units” and, eventually, to MeV. Finally, we describe how the fit
works in practice and present our final fit used to obtain the decay-constant central values
and errors in Sec. VD.

A. E↵ective-field-theory fit function for heavy-light decay constants

Recall that Hx denotes a generic heavy-light pseudoscalar meson composed of a light
valence quark x and a heavy valence antiquark h̄, with masses mx and mh, respectively.
The decay constant and mass of Hx are fHx

and MHx
, respectively. In heavy-quark physics,

the conventional decay constant is defined and normalized as �Hx
⌘ fHx

p
MHx

.

We start with massless light quarks, with �0 and M0 denoting the decay constant and

22
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Rela$on	to	the	hadronic	running	of	electromagne$c	coupling

12

Dispersion	integral:
<latexit sha1_base64="Yac/IfQZaUpBmpbfVwCtLTtr1DA="></latexit>

�↵(5)
had(q2) = �↵ q2

3⇡
P
Z 1

m2
⇡0

ds
R(s)

s(s � q2)
,

LaYce	QCD:
<latexit sha1_base64="o/i2ZsHuTHRaIDn1hToI1yTcBRI="></latexit>
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Figure 12. Left, upper panel: ratio of the hadronic running ∆–had computed by BMWc [21]
divided by our results, for five di�erent momenta. In addition to the total contribution, we show
the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total
hadronic running ∆–(5)

had from various phenomenological estimates [12, 31, 134] and the lattice result
of ref. [21], normalized by the result of this work. Right: Compilation of results for the four-flavor
∆–had lattice computations [6, 21] (above) and the five-flavor ∆–(5)

had phenomenological estimates
(below) at selected values of Q2. The gray vertical error band for the result of this work includes
the small bottom quark contribution as an additional systematic error, see section 5.1 for details.

result in our comparison since the disconnected contribution has not been determined in
that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous
curves. Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s

and c quarks. In order to account for the contributions from bottom quarks that are needed
to complete the estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration
for the lowest four time moments of the HVP [135]. We determine the contribution from
bottom quarks by constructing Padé approximants from the moments, which results in a
few-permil e�ect on the total hadronic running of the coupling (up to 2.6 permil at the
largest Q2 = 7 GeV2). This e�ect is larger than the 0.4 permil e�ect reported for the HVP
contribution to the muon g ≠ 2 [136] due to the fact that the running coupling scale Q2

is not well separated from the bottom quark mass, in contrast to the muon mass case.8
However, this e�ect is a small fraction of the percent-level total error on ∆–had(≠Q2) and
we include it as an additional source of systematic error.

Results from Davier et al. [12, 137] (labellel “DHMZ data”), Keshavarzi et al. [31, 138]
(KNT18 data), and based on Jegerlehner’s alphaQEDc19 software package [13, 134] show
good agreement among each other, but are between 3 and 6 % lower than our estimate.9

8
As a crosscheck, we have reproduced the bottom quark contribution to the muon g ≠ 2 reported by

HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided

– 36 –

[Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]

• Tension	of 	observed	with	data-driven	
evalua$on	of	 	for		

∼ 3σ
Δαhad(−Q2) Q2 ≳ 3 GeV2

	 		consistent	with	tension	for	window	observable→

• Direct	laYce	calcula$on	of	 	on	the	same	
gauge	ensembles	used	in	Mainz/CLS	22

Δα(−Q2)

H. Wittig @ Higgscentre workshop
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Hartmut	Wittig

Adler	func$on	approach,	aka.	“Euclidean	split	technique”
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The hadronic running of the electroweak couplings from lattice QCD Marco Cè
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Figure 2: Compilation of results for �U (5)
had ("

2
/ ). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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Peter Stoffer @ Lattice HVP workshop
Constraints on the two-pion contribution to HVP arXiv:2010.07943 [hep-ph]

Modifying a⇡⇡µ |1GeV

• “low-energy” scenario: local changes in cross section of
⇠ 8% around ⇢

• “high-energy” scenario: impact on pion charge radius and
space-like VFF ) chance for independent lattice-QCD
checks

• requires factor ⇠ 3

improvement over
�QCD result:
hr2⇡i = 0.433(9)(13) fm2

! arXiv:2006.05431 [hep-ph] �0.1
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3

 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies.  
a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small.  
A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 
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