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New physics and muon g-2



Preface

Though all phenomena seems to be well described by the Standard Model,
it should be regarded as an effective theory of more fundamental theory 

Flavor physics play important role of probing NP 

Flavor puzzle, Neutrino, Hierarchy problem, DM, BAU,,

Indirect searches are complementary to direct searches at the LHC and probe 
New physics at high energy scale which is not accessible at collider 

Intensity frontierEnergy frontier

LHC at high-pT Flavor physics 

Muon g-2 anomaly provides the most longstanding hint of New Physics



Introduction of muon g-2 

New physics interpretation of muon g-2 

Flavor symmetry and muon g-2 

Summary

Outline

Review, see e.g. Peskin
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Anomalous magnetic moment in classical description

magnetic moment (magnetic dipole moment) ⃗μ ∝ ⃗S

“anomalous” magnetic moment

g-factor

from Dirac eq.  

Interaction of spin  with magnetic field ⃗S ⃗B

+ Radiative corrections
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(ℓ = e, μ, τ)



Anomalous magnetic moment in QFT

f f

f

Aμ

f
Γμ

q

p p′ 

Scattering amplitude of fermion  and electromagnetic field f Aμ

Gamma structure

→0 
  by Ward identity 

→decomposed 
    by Gordon identity

※ in Parity conserving

 : form factorsF1, F2

at lowest order (tree level), 　     →      Γμ = γμ F1 = 1, F2 = 0
 → charge renormalization condition,  Q = − eF1(0) F1(q2 = 0) = 1

Tree level Loop level



Anomalous magnetic moment in QFT
Relation between g-factor ↔	form factors F1, F2

f

Aμ

f
Γμ

q

p p′ 

non-relativistic limit, 
q2 → 0
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Anomalous magnetic moment in QFT
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Relation between g-factor ↔	form factors F1, F2

quantum loop effects



Effective Lagrangian for anomalous magnetic moment 

Fμν

features of anomalous magnetic moment 

Chirality flip

Loop induced

ψ = ψL + ψR ψLσμνψR + ψRσμνψL

 dipole interaction → induces a chirality flipσμν

ψL/R ψR/L

ψ

Spontaneously breaking of EW gauge interaction

ψ̄σμνψ

FμνψLσμνψR + FμνψRσμνψL

Note on EDM, U(2)

1 for talk

H = �~µ` · ~B (1.1)

H = �g`
e

2m`

~S · ~B (1.2)

H = �2[F1(0) + F2(0)]
e

2m`

~S · ~B (1.3)

H = � e

2m`
2[F1(0) + F2(0)]~S · ~B (1.4)

~µ` = g`
e

2m`

~S (1.5)

g` = 2 (1.6)

g` 6= 2 (1.7)

a` ⌘
g` � 2

2
(1.8)

a` ⌘
g` � 2

2
= F2(0) (1.9)

g` = 2[F1(0) + F2(0)] = 2 + 2F2(0) (1.10)

g` (1.11)

g` = 2 +O(↵) (1.12)

Leff = � egf

4mf
 ̄f�

µ⌫
 fFµ⌫ (1.13)

Leff = � eaf

4mf
 ̄f�

µ⌫
 fFµ⌫ (1.14)

2 Constraints from data

2.1 Experimental data

2.2 Constraints from data
From (g � 2)µ

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2
. (2.1)

From (g � 2)e

1

⇤2
Re [C 0

e�
ee

] (2.2)

1

,  , no gauge invariant → higgs in the SMψL ψR



muon g-2 anomaly

Figure 3: Feynman diagrams of SM contributions to aµ. The diagrams shown (from left to right) are the one-loop
QED diagram, the one-loop EW process involving Z-boson exchange, the leading-order HVP diagram and HLbL
contributions.

Besides the magnetic anomaly measurement, other physics studies of interest at the Fermilab experiment
include tests of Lorentz-symmetry and CPT-symmetry [39, 40]. The CPT-symmetry test can be performed
by comparing aµ from µ+ and µ� measurements, while Lorentz symmetry can be tested by searching for a
sidereal variation in the anomalous precession frequency of the muon.

3. Theoretical calculations of aµ

In this section, the SM value of the anomalous magnetic moment against which the experimental value [19]
is compared to will be reviewed. The SM prediction of the anomalous magnetic moment is determined from
the sum of all sectors of the SM:

aSM
µ

= aQED
µ

+ aEW
µ

+ aHVP
µ

+ aHLbL
µ

, (11)

where aQED
µ

are the QED contributions, aEW
µ

are the electro-weak (EW) contributions, aHVP
µ

are the hadronic

vacuum polarization (HVP) contributions and aHLbL
µ

are due to contributions from hadronic light-by-light
(HLbL) scattering. Examples of such processes are shown in Figure 3. The uncertainty of aSM

µ
is completely

dominated by the hadronic contributions due to the non-perturbative nature of the low energy strong
interaction. In recent years, aSM

µ
has been thoroughly scrutinized and reevaluated by The Muon g�2 Theory

Initiative [38], an international collaboration determined on providing a community-approved consensus for
the value of the theoretical prediction with an improved overall precision.

3.1. The QED contributions

The QED contributions to aµ include all contributions from leptons and photons alone and have been
fully calculated up to five-loop order. All contributions up to and including four-loop have been determined
and verified by di↵erent groups, from both numerical and analytical calculations (see [38] for more details).
The four-loop universal contribution has been impressively calculated analytically up to a precision of 1100
digits [42] and is consistent with the numerical determination [43]. The entire five-loop contribution, totaling
12,672 Feynman diagrams which are shown in Figure 4, has been fully calculated numerically [41, 44] with
independent cross-checks [45–48]. The value for the QED contributions is found to be

aQED
µ

= 116 584 718.931(104)⇥ 10�11 , (12)

where the given error is the quadrature sum of uncertainties due to the ⌧ -lepton mass, four-loop QED,
five-loop QED, an estimate of the six-loop QED [38, 41, 44] and the fine-structure constant ↵ [49].2

2This value for aQED
µ is obtained using the measurement of ↵ from caesium interferometry [49]. With the uncertainty of

aQED
µ dominated by the six-loop estimate [38, 41, 44], other choices for ↵ [8, 50] result in changes well within the quoted

uncertainty.
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Large positive NP effect is needed: deviation is larger than EW correction

New physics interpretation

Δaμ ≡ aexp
μ − aSM

μ = 24.9 × 10−10

Model Independent Tests of the Hadronic Vacuum Polarization

Contribution to the Muon g�2

Luca Di Luzio,1 Alexander Keshavarzi,2 Antonio Masiero,3, 1 and Paride Paradisi3, 1

1Istituto Nazionale di Fisica Nucleare, Sezione di Padova, Via F. Marzolo 8, 35131 Padova, Italy
2Department of Physics and Astronomy, The University of Manchester, Manchester M13 9PL, U.K.

3Dipartimento di Fisica e Astronomia ‘G. Galilei’,
Università di Padova, Via F. Marzolo 8, 35131 Padova, Italy

The hadronic vacuum polarization (HVP) contributions to the muon g�2 are the crucial quantity
to resolve whether new physics is present or not in the comparison between the Standard Model
(SM) prediction and experimental measurements at Fermilab. They are commonly and historically
determined via dispersion relations using a vast catalogue of experimentally measured, low-energy
e
+
e
� ! hadrons cross section data as input. These dispersive estimates result in a SM prediction

that exhibits a muon g�2 discrepancy of more than 5� when compared to experiment. However,
recent lattice QCD evaluations of the HVP and a new hadronic cross section measurement from
the CMD-3 experiment favor a no-new-physics scenario and, therefore, exhibit a common tension
with the previous e

+
e
� ! hadrons data. This study explores the current and future implications

of these two scenarios on other observables that are also sensitive to the HVP contributions in the
hope that they may provide independent tests of the current tensions observed in the muon g�2.

Introduction.— The anomalous magnetic moment of
the muon, aµ ⌘ (gµ � 2)/2, stands amongst the best
probes of the Standard Model (SM) of particle physics
and its possible extensions. Recently, the Muon g�2
Experiment at Fermilab announced a new experimental
(exp) measurement of aµ [1, 2] which, when combined
with the previous and consistent results from the same
experiment [3–6] (and from the earlier Muon g�2 Experi-
ment at Brookhaven [7–9]), results in a new world average
of aexpµ = 116592059(22)⇥ 10�11 with an unprecedented
precision of 190 parts-per-billion (ppb).
The most recent, community-approved SM prediction

of aµ from the Muon g�2 Theory Initiative [10–30] re-
lies on the hadronic vacuum polarization (HVP) contri-
bution, a

HVP

µ , being entirely evaluated using the data-
driven, dispersive approach [15–25, 31–45]. This method
uses measured e

+
e
�
! hadrons cross section data (�had)

as input and the leading-order (LO) HVP contribution
was found by the Theory Initiative to be [10, 15–20]

(aHVP

µ )TI

e+e� = (693.1± 4.0)⇥ 10�10
. (1)

This, when combined with the updated values for the
other SM contributions, resulted in a SM prediction of
a

SM

µ = 116591810(43) ⇥ 10�11 [10–30]. Comparing a
SM

µ
with the current experimental world average leads to

�aµ ⌘ a
exp

µ � a
SM

µ = (24.9± 4.8)⇥ 10�10
, (2)

yielding a discrepancy of 5.1� and implying the presence
of physics beyond the SM (BSM).

a
HVP

µ can now be calculated from first-principles lat-
tice QCD methods [10] (see also [46–57]). In particular,
the BMW lattice QCD collaboration (BMWc) first com-
puted a

HVP

µ with sub per-cent precision [56] and found
(aHVP

µ )BMW

Lattice
= (707.5 ± 5.5) ⇥ 10�10, which is evidently

larger than the Theory Initiative value [10]. They have
since updated their result to [57]

(aHVP

µ )BMW

Lattice
= (714.1± 3.3)⇥ 10�10

, (3)

which reduces �aµ to 0.9� (fully consistent with a
exp

µ at
the current level of precision) at the expense of generat-
ing a 4.0� tension with Eq. (1). These results have been
partially confirmed by other lattice QCD studies of the
so-called window quantities [47, 58–62], which further in-
creases the tension between lattice QCD evaluations and
(aHVP

µ )TI

e+e� in the intermediate window [63] where the
lattice QCD computations are most proficient.
Increasing the hadronic cross section to accommodate

�aµ in (aHVP

µ )TI

e+e� requires shifts below ⇠ 1 GeV to avoid
inconsistency with the electroweak precision fits [64–68].
Indeed, a large portion of the di↵erences observed be-
tween (aHVP

µ )TI

e+e� and lattice QCD evaluations domi-
nantly originate from the light-quark-connected contri-
butions (which in-turn are dominated by ⇡

+
⇡
�) [69, 70].

The potential for light new physics a↵ecting the interpre-
tation of e+e� data was also investigated in [71–75].
Recently, the CMD-3 experiment released a new mea-

surement of the e
+
e
�
! ⇡

+
⇡
� cross section [76, 77]. It

covers the energy range from 0.32 to 1.2 GeV, therefore
capturing the dominant ⇢-resonance region, and is ⇠ 2�-
4� higher than all previous e

+
e
�

! ⇡
+
⇡
� cross sec-

tion measurements in the same region [78–89]. Although
(a⇡⇡µ )CMD3

e+e� covers a limited energy range, it goes in the
same direction as the BMWc result of Eq. (3), thereby
also suggesting consistency between a

exp

µ and a
SM

µ .
Several updates and improvements on all fronts are

expected soon which may help shed light on the current
puzzling picture. New results of the e+e� ! ⇡

+
⇡
� cross

section are expected from the BaBar [90], Belle II [91],
BESIII [92], CMD-3 [93], KLOE [94] and SND [95] ex-
periments in the next 2-4 years, with theoretical improve-
ments also expected for the higher-order QED correc-
tions which are paramount for these measurements (see
e.g. [96]). New full HVP determinations from other lat-
tice QCD collaborations are also expected soon, as well
as new dispersive determinations of the HVP incorpo-
rating new e

+
e
�

! hadrons cross section data. In ad-
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図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも
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85%の不整合は，BaBar 実験と KLOE 実験の間の断面積の不一致 (2～3%) よりも大きい。
9理論計算の側でも，MUonE実験の測定精度と同精度の値の確定に向けた努力が続けられている。

10ちなみにこの論文も 2021年 4月 7日に arXiv上で発表された。
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図 4: ミューオン g−2への SUSY粒子の寄与は，ゲー
ジ固有状態を用いてこのように近似的に表すことがで
きる。

4 新物理による解釈
この 4.2σのミューオン g−2アノマリーは，標準模型
の解析に不備がなければ，標準模型を超える “新物理”

の存在を強く示唆する。すなわち図 2のダイアグラムに
寄与する未知の粒子があって，aµ に新物理の寄与 aNP

µが含まれる可能性である。たとえば新粒子が 1ループダ
イアグラムを構成できれば，大まかに

aNP
µ ∼

m2
µ

16π2

g2NP

M2
NP

(19)

という寄与を与える。これを式 (7) と比べれば，質量
MNP と結合定数 gNP に対して

MNP ∼ gNP × 150 GeV (20)

という見積もりができる。このため，新物理には
• 大きな結合定数をもつ TeVスケールの新物理
• O(1)の結合定数をもつ電弱スケールの新物理
• 小さな結合定数をもつGeVスケール以下の新物理

の 3種類の可能性が考えられる11。
この章では，ミューオン g−2アノマリーが示唆する代

表的な新物理の例を列挙し，その将来展望を議論する。
なお，これらをさらに拡張した模型や組み合わせた模型
なども数多く提唱されているが，それらについては誌面
の都合上割愛する。

4.1 超対称性理論
標準模型はローレンツ対称性やゲージ対称性などの対

称性をもっているが，そこにさらに超対称性（フェルミ
11同様に，電子 g−2 に対しても新物理の寄与が存在する。しかし通常その寄与は（m2

µ ではなく）m2
e に比例するため電子 g−2 の測定精度より小さい値となる。
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図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも
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extension. Here we draw several general conclusions from this
analysis.

First, the relationship between aμ and mμ means that aμ can
provide a window to the muon mass generation mechanism:
According to the SM the muon mass is generated by EWSB
generating a Higgs VEV and the Yukawa interaction which
couples the muon to the Higgs VEV. But many open questions
remain. Importantly, understanding the muon mass generation
mechanism does not only involve understanding EWSB and the
origin of the Higgs potential and the Higgs VEV but also
understanding the origin and the structure of Yukawa
couplings.

Many BSM scenarios extend or modify the Higgs sector
and/or the Yukawa sector. Technically, the muon mass
generation mechanism is reflected by the factors in square
brackets in Eqs 10, 11, and many BSM scenarios substantially
modify these factors. This implies on the one hand that BSM
scenarios with modified Higgs/Yukawa sectors can lead to
strong enhancements in these factors and thereby provide
potentially large contributions to aμ and promising
explanations of the current aμ deviation. On the other
hand, the enhancement mechanisms can differ significantly
between various BSM scenarios. The measurement of aμ thus
provides a sensitive probe of BSM scenarios with modified
muon mass generation mechanism.

As a second conclusion, we may introduce a universal,
model-independent expression for contributions to mμ and to
aμ in some given BSM scenario as (see also Refs. [5, 6]),

ΔmBSM
μ

mμ
! O CBSM( ), (16a)

ΔaBSMμ ! CBSM

m2
μ

M2
BSM

, (16b)

where MBSM is the relevant mass scale. The dimensionless
coefficient CBSM introduced here summarizes the interesting
chirality-flipping factors in square brackets in Eq. 11, the
“other couplings” and the not explicitly written factors. It also
includes by definition a factor 1/mμ such that CBSM corresponds
to the relative muon mass correction and such that the explicit
factor m2

μ appears in the expression for Δaμ. In writing (16) we
used that the proportionality factors appearing in Eqs 10, 11 are
equal up to potential O(1) differences.

Equation 16 highlight that any BSM scenario contributing to
aμwill simultaneously contribute tomμ, and the contributions are
related. The complicated origin of the muon mass, the necessity
for EWSB and chiral symmetry breaking are all encapsulated in
the factor CBSM. This factor is very model-dependent and its
value reflects the interesting dynamical details of the model. But
the relation (16) is model independent and holds at any loop
order.

A third conclusion is that one may impose a criterion that the
BSM corrections to the muon mass do not introduce fine-tuning,

i.e., do not exceed the actual muon mass. In models where this
criterion is satisfied, CBSM can be at most of order unity and a
generic upper limit4,

ΔaBSMμ ≲O 1( )
m2

μ

M2
BSM

, (17)

is obtained [5, 6]. In this wide class of models, imposing this
criterion then implies an order-of-magnitude upper limit on the
mass scale for which the current observed value Δaμ can be
accommodated. This upper limit is approximately 2 TeV,5 which
is obviously of high interest in view of complementary searches
for BSM particles at LHC. If the fine-tuning criterion applies,
particles responsible for the aμ deviation should be in reach of the
LHC—even though it is not guaranteed that they can be
discovered in view of background and their interactions with
LHC detectors.

4 Generic one-loop results

Here we provide explicit one-loop results for contributions to
aμ and mμ which illustrate the general relationships explained in
the previous sections. To be specific we consider the case of one-
loop diagrams as in Figure 1, with one neutral scalar particle S
and one charged fermion F which couple to the muon via the
interaction

Lint ! S† !F cLPL + cRPR( )μ + h.c.. (18)

We note that if S and F are interaction eigenstates with definite
gauge quantum numbers at most one of the two couplings cL and
cR can be non-zero. If S and/or F are linear combinations of states
with different quantum numbers, both cL and cR can be non-zero

4 We note that Eq. 16 does not imply the naive scaling
ΔaBSMe : ΔaBSMμ : ΔaBSMτ ≈ m2

e: m
2
μ: m

2
τ with the lepton generation since

the coefficient CBSM does not have to be generation-independent. As
mentioned, the definition of CBSM contains an explicit factor 1/mμ; the
later example of a leptoquark model will provide further illustration.
Still, the prefactor m2

l /M
2
BSM in al implies that the muon magnetic

moment is more sensitive to BSM physics than the electron
magnetic moment and that typical models which explain e.g., the
BNL deviation for aμ give negligible contributions to ae. For detailed
discussions and examples for deviations from naive scaling in models
with leptoquarks, two Higgs doublets or supersymmetry we refer to
Refs. [42, 43].

5 The relation (16) and the resulting (17) assume that BSM contributions
to aμ and tomμ arise at the same loop order. This is generally true, but
an exception can arise in models which allow BSM contributions tomμ

already at tree level. An example is provided by models vector-like
leptons which mix at tree level with muons, see Refs. [44–46] and the
brief discussion in Ref. [3]. There, also tree-level BSM contributions to
the muon mass exist, and the ratio between Δaμ and Δmtree

μ does not
scale as 1/M2

BSM as above but as 1/(16π2v2). This might seem to allow
arbitrarily high masses without fine-tuning, circumventing the upper
mass limit of around 2 TeV. However, even using only tree-level effects
in the muon mass, these references also find upper mass limits from
perturbativity and constraints on the Higgs–muon coupling.
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extension. Here we draw several general conclusions from this
analysis.

First, the relationship between aμ and mμ means that aμ can
provide a window to the muon mass generation mechanism:
According to the SM the muon mass is generated by EWSB
generating a Higgs VEV and the Yukawa interaction which
couples the muon to the Higgs VEV. But many open questions
remain. Importantly, understanding the muon mass generation
mechanism does not only involve understanding EWSB and the
origin of the Higgs potential and the Higgs VEV but also
understanding the origin and the structure of Yukawa
couplings.

Many BSM scenarios extend or modify the Higgs sector
and/or the Yukawa sector. Technically, the muon mass
generation mechanism is reflected by the factors in square
brackets in Eqs 10, 11, and many BSM scenarios substantially
modify these factors. This implies on the one hand that BSM
scenarios with modified Higgs/Yukawa sectors can lead to
strong enhancements in these factors and thereby provide
potentially large contributions to aμ and promising
explanations of the current aμ deviation. On the other
hand, the enhancement mechanisms can differ significantly
between various BSM scenarios. The measurement of aμ thus
provides a sensitive probe of BSM scenarios with modified
muon mass generation mechanism.

As a second conclusion, we may introduce a universal,
model-independent expression for contributions to mμ and to
aμ in some given BSM scenario as (see also Refs. [5, 6]),

ΔmBSM
μ

mμ
! O CBSM( ), (16a)

ΔaBSMμ ! CBSM

m2
μ

M2
BSM

, (16b)

where MBSM is the relevant mass scale. The dimensionless
coefficient CBSM introduced here summarizes the interesting
chirality-flipping factors in square brackets in Eq. 11, the
“other couplings” and the not explicitly written factors. It also
includes by definition a factor 1/mμ such that CBSM corresponds
to the relative muon mass correction and such that the explicit
factor m2

μ appears in the expression for Δaμ. In writing (16) we
used that the proportionality factors appearing in Eqs 10, 11 are
equal up to potential O(1) differences.

Equation 16 highlight that any BSM scenario contributing to
aμwill simultaneously contribute tomμ, and the contributions are
related. The complicated origin of the muon mass, the necessity
for EWSB and chiral symmetry breaking are all encapsulated in
the factor CBSM. This factor is very model-dependent and its
value reflects the interesting dynamical details of the model. But
the relation (16) is model independent and holds at any loop
order.

A third conclusion is that one may impose a criterion that the
BSM corrections to the muon mass do not introduce fine-tuning,

i.e., do not exceed the actual muon mass. In models where this
criterion is satisfied, CBSM can be at most of order unity and a
generic upper limit4,

ΔaBSMμ ≲O 1( )
m2

μ

M2
BSM

, (17)

is obtained [5, 6]. In this wide class of models, imposing this
criterion then implies an order-of-magnitude upper limit on the
mass scale for which the current observed value Δaμ can be
accommodated. This upper limit is approximately 2 TeV,5 which
is obviously of high interest in view of complementary searches
for BSM particles at LHC. If the fine-tuning criterion applies,
particles responsible for the aμ deviation should be in reach of the
LHC—even though it is not guaranteed that they can be
discovered in view of background and their interactions with
LHC detectors.

4 Generic one-loop results

Here we provide explicit one-loop results for contributions to
aμ and mμ which illustrate the general relationships explained in
the previous sections. To be specific we consider the case of one-
loop diagrams as in Figure 1, with one neutral scalar particle S
and one charged fermion F which couple to the muon via the
interaction

Lint ! S† !F cLPL + cRPR( )μ + h.c.. (18)

We note that if S and F are interaction eigenstates with definite
gauge quantum numbers at most one of the two couplings cL and
cR can be non-zero. If S and/or F are linear combinations of states
with different quantum numbers, both cL and cR can be non-zero

4 We note that Eq. 16 does not imply the naive scaling
ΔaBSMe : ΔaBSMμ : ΔaBSMτ ≈ m2

e: m
2
μ: m

2
τ with the lepton generation since

the coefficient CBSM does not have to be generation-independent. As
mentioned, the definition of CBSM contains an explicit factor 1/mμ; the
later example of a leptoquark model will provide further illustration.
Still, the prefactor m2

l /M
2
BSM in al implies that the muon magnetic

moment is more sensitive to BSM physics than the electron
magnetic moment and that typical models which explain e.g., the
BNL deviation for aμ give negligible contributions to ae. For detailed
discussions and examples for deviations from naive scaling in models
with leptoquarks, two Higgs doublets or supersymmetry we refer to
Refs. [42, 43].

5 The relation (16) and the resulting (17) assume that BSM contributions
to aμ and tomμ arise at the same loop order. This is generally true, but
an exception can arise in models which allow BSM contributions tomμ

already at tree level. An example is provided by models vector-like
leptons which mix at tree level with muons, see Refs. [44–46] and the
brief discussion in Ref. [3]. There, also tree-level BSM contributions to
the muon mass exist, and the ratio between Δaμ and Δmtree

μ does not
scale as 1/M2

BSM as above but as 1/(16π2v2). This might seem to allow
arbitrarily high masses without fine-tuning, circumventing the upper
mass limit of around 2 TeV. However, even using only tree-level effects
in the muon mass, these references also find upper mass limits from
perturbativity and constraints on the Higgs–muon coupling.
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strong enhancements in these factors and thereby provide
potentially large contributions to aμ and promising
explanations of the current aμ deviation. On the other
hand, the enhancement mechanisms can differ significantly
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is obtained [5, 6]. In this wide class of models, imposing this
criterion then implies an order-of-magnitude upper limit on the
mass scale for which the current observed value Δaμ can be
accommodated. This upper limit is approximately 2 TeV,5 which
is obviously of high interest in view of complementary searches
for BSM particles at LHC. If the fine-tuning criterion applies,
particles responsible for the aμ deviation should be in reach of the
LHC—even though it is not guaranteed that they can be
discovered in view of background and their interactions with
LHC detectors.

4 Generic one-loop results

Here we provide explicit one-loop results for contributions to
aμ and mμ which illustrate the general relationships explained in
the previous sections. To be specific we consider the case of one-
loop diagrams as in Figure 1, with one neutral scalar particle S
and one charged fermion F which couple to the muon via the
interaction

Lint ! S† !F cLPL + cRPR( )μ + h.c.. (18)

We note that if S and F are interaction eigenstates with definite
gauge quantum numbers at most one of the two couplings cL and
cR can be non-zero. If S and/or F are linear combinations of states
with different quantum numbers, both cL and cR can be non-zero
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the coefficient CBSM does not have to be generation-independent. As
mentioned, the definition of CBSM contains an explicit factor 1/mμ; the
later example of a leptoquark model will provide further illustration.
Still, the prefactor m2
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BSM in al implies that the muon magnetic

moment is more sensitive to BSM physics than the electron
magnetic moment and that typical models which explain e.g., the
BNL deviation for aμ give negligible contributions to ae. For detailed
discussions and examples for deviations from naive scaling in models
with leptoquarks, two Higgs doublets or supersymmetry we refer to
Refs. [42, 43].

5 The relation (16) and the resulting (17) assume that BSM contributions
to aμ and tomμ arise at the same loop order. This is generally true, but
an exception can arise in models which allow BSM contributions tomμ

already at tree level. An example is provided by models vector-like
leptons which mix at tree level with muons, see Refs. [44–46] and the
brief discussion in Ref. [3]. There, also tree-level BSM contributions to
the muon mass exist, and the ratio between Δaμ and Δmtree

μ does not
scale as 1/M2

BSM as above but as 1/(16π2v2). This might seem to allow
arbitrarily high masses without fine-tuning, circumventing the upper
mass limit of around 2 TeV. However, even using only tree-level effects
in the muon mass, these references also find upper mass limits from
perturbativity and constraints on the Higgs–muon coupling.
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MBSM ≲ 2 TeV



Model Spin SU(3)C ⇥ SU(2)L ⇥ U(1)Y Result for �a
BNL
µ , �a

2021
µ

1 0 (1,1, 1) Excluded: �aµ < 0
2 0 (1,1, 2) Excluded: �aµ < 0
3 0 (1,2,�1/2) Updated in Sec. 3.2
4 0 (1,3,�1) Excluded: �aµ < 0
5 0 (3,1, 1/3) Updated Sec. 3.3.
6 0 (3,1, 4/3) Excluded: LHC searches
7 0 (3,3, 1/3) Excluded: LHC searches
8 0 (3,2, 7/6) Updated Sec. 3.3.
9 0 (3,2, 1/6) Excluded: LHC searches
10 1/2 (1,1, 0) Excluded: �aµ < 0
11 1/2 (1,1,�1) Excluded: �aµ too small
12 1/2 (1,2,�1/2) Excluded: LEP lepton mixing
13 1/2 (1,2,�3/2) Excluded: �aµ < 0
14 1/2 (1,3, 0) Excluded: �aµ < 0
15 1/2 (1,3,�1) Excluded: �aµ < 0
16 1 (1,1, 0) Special cases viable
17 1 (1,2,�3/2) UV completion problems
18 1 (1,3, 0) Excluded: LHC searches
19 1 (3,1,�2/3) UV completion problems
20 1 (3,1,�5/3) Excluded: LHC searches
21 1 (3,2,�5/6) UV completion problems
22 1 (3,2, 1/6) Excluded: �aµ < 0
23 1 (3,3,�2/3) Excluded: proton decay

Table 1: Summary of known results for gauge invariant single field extensions with one-loop contributions to the anoma-
lous magnetic moment of the muon. These results are rather exhaustive due to systematic investigations and classifications
in Ref. [367,369–371]. Note however that while we present the results based on representations of SM gauge and Lorentz
symmetries, the references make assumptions that can be important to the conclusions and are di↵erent in each paper.
Thus the conclusions summarised in this table should be interpreted with care. For more information on models 1-2, 3-4,
5-9, 10-12, 13, 14-18 and 19-23 see references [371,419–421], [367,371], [124,371], [152,367,371], [371], [152,367,370,371,422]
and [370], respectively. We use color highlighting to give a visual indication of the status of the model, namely green for
viable explanations, red for excluded and purple for vector extensions excluded on the basis of their UV completions.

8

New physics possibility P.Athron, C.Balázs,D.H.J. Jacob, W. Kotlarski, D. 
Stöckinger, H. Stöckinger-Kim2104.03691 

2HDM

Scalar 
leptoquarks(LQ)

Dark photon 
and dark Z

single field extension

LQS1

LQR2

I) negative contribution  : corrections only decrease muon g-2 aNP
μ < 0

II) Tension with collider experiments 

Difficulty of g-2 explanation

https://arxiv.org/abs/2104.03691


Leptoquarks

and  LQ have both left- and right-handed couplings → chirality flip enhancementS1 R2

Leptoquarks couple to both lepton and quark together 
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Chirality flipping enhancements

One factor of muon mass for chirality flip 
on outgoing muon 

Muon g-2 is a chirality flipping operator 

chirality flip inside the BSM loop can replace the muon mass with some BSM parameter

Enhancement to BSM corrections from am internal chirality flip 

e.g.

aNP
μ ∼ g2

NP

16π2

m2
μ

M2
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aNP
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NP

16π2
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mt
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∼ 1600

Introduced in lepton and quark unified model  e.g. Pati-Salam model
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Figure 2: Scenarios which can explain �a
BNL
µ

and/or �a
2021
µ

in the model with an SU(2)L singlet scalar leptoquark S1

defined in Eq. (18). Results are shown in the MS1-�QL plane for fixed �tµ = 0.1 (left panel), �tµ = 0.2 (middle panel)
and by varying �tµ 2 [0, 0.5] (right panel). In the latter case we profile to find the regions in the MS1-�QL plane that
for some value of �tµ in the scan, satisfy all experimental constraints and can explain the �aµ measurements within 1�.
Regions which can explain �a

BNL
µ

and �a
2021
µ

to within 1� are yellow and green respectively, with the overlap between
these two regions coloured lime. The black line indicates points which produce a �aµ contribution matching Eq. (7).
The grey regions are excluded by scalar leptoquark searches at the Large Hadron Collider [440]. Regions shaded cyan are
disfavoured as they provide a relative contribution which shift the muon mass up by more than 100% or down by more
than 50% as in Eq. (22). In the right panel only solutions which have not been excluded by leptoquark searches or Z ! µµ

or Z ! ⌫⌫ constraints are displayed, i.e. any points ruled out by any of these experimental constraints are discarded.

MS1
. 1.1–1.5 TeV, dependent on the branching ratio �S1

in Eq. (20). For lower �QL couplings the strongest

mass constraint of MS1
> 1420 GeV arises, since �S1

! 1 as �QL ! 0. Additionally, the cyan region indicates

points a↵ected by the “fine-tuning” in the muon mass discussed in Sec. 2 and defined in Eq. (22): here the loop

contributions to muon mass calculated in FlexibleSUSY cause the muon mass to increase more than twice the

pole mass or decrease less than half the pole mass. Satisfying this fine-tuning criteria, places a rough upper

limit of �QL . 0.06 for �tµ = 0.1 and �QL . 0.04 for �tµ = 0.2. Note that these fine-tuning conditions allow

only a small strip of the parameter space to remain.

In the right panel of Fig. 2, we profile over �tµ to find the best fits to aµ, that is we vary the coupling

�tµ 2 [0, 0.5] and show the lowest number of standard deviation within which aµ can be explained in the 2D

plane, from all scenarios where �tµ 2 [0, 0.5]. This panel has the same constraints as before, except for the muon

mass fine-tuning. The LHC leptoquark searches impose a limit of MS1
& 1.1 TeV, with slightly higher mass

limits implied by this for the lowest �QL values since the branching ratios depend on the leptoquark couplings.

The exclusion in the bottom right of the plot is formed by our choice of restricting the �tµ to moderate values

 0.5. If we allow �tµ to vary up to
p

4⇡ then no exclusion in the bottom right would be visible due to the

large chirality flip enhancement.12 As the mass MS1
is increased, the minimum coupling �QL which produces a

contribution that can explain aµ within 1� increases, in line with Eq. (28), with the new world average result

able to be explained in narrower region of the parameter space due to the reduction in the uncertainty.

Similarly, for the scalar leptoquark doublet R2, �aµ contours for fixed values of the coupling to right-handed

top quarks, �tL = 0.1, 0.2, are shown in left and middle panels of Fig. 3, with a profile over �tL shown in the

right panel. Again, the �aµ contours for fixed �tL = 0.1, 0.2 follow the quadratic ratio given in Eq. (28),

with larger �aµ values from a given leptoquark mass being obtained with the larger coupling �tL = 0.2. This

12In contrast if we plotted the charm-philic case the combination of LHC and large �aµ constraints would lead to a much larger
exclusion in the bottom right of the plot than can be seen here, even when the equivalent coupling is varied up to the perturbativity
limit.
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Chirality flipping enhancement → can explain muon g-2 with large masses 

ΔaBNL
μ

Δa2021
μ

disfavored by fine 
tuning in muon mass 

within 1σ

But hard to avoid fine tuning in 
the muon mass :
NP contribute to muon mass in 
similar loops 

In some models, there are additional sources of breaking of the muon chiral symmetry. Examples are

provided by the leptoquark model discussed below in Sec. 3.3, where the simultaneous presence of left-

and right-handed couplings �L,R and the charm- or top-Yukawa coupling breaks the muon chiral symmetry

and leads to contributions governed by �L�Rmc,t. Similar mechanisms can also exist in the three-field

models discussed below.

• Spontaneous breaking of electroweak gauge invariance. Since the aµ operator connects a left-handed

lepton doublet and right-handed lepton singlet it is not invariant under electroweak (EW) gauge trans-

formations. Hence any contribution to FM (0) also must be proportional to at least one power of some

vacuum expectation value (VEV) breaking EW gauge invariance. In the SM, there is only a single VEV

v, so together with the required chirality flip, each SM-contribution to FM (0) must be proportional to yµv

and thus to the tree-level muon mass. However, e.g. in the MSSM, there are two VEVs vu,d; hence there

are contributions to aµ governed by yµvu, while the tree-level muon mass is given via yµvd. This leads to

the well-known enhancement by tan� = vu/vd.

In addition, the gauge invariant operators contributing to aµ are (at least) of dimension six; hence any BSM

contribution to aµ is suppressed by (at least) two powers of a typical BSM mass scale. In conclusion, BSM

contributions to aµ can generically be parametrized as

�a
BSM

µ = CBSM

m
2
µ

M
2

BSM

, (11)

where MBSM is the relevant mass scale and where the coe�cient CBSM depends on all model details like origins

of chirality flips and electroweak VEVs as well as further BSM coupling strengths and loop factors.5

An interesting side comment is that BSM particles will typically not only contribute to aµ but also to

the muon mass in similar loops, and those contributions depend on the same model details and scale as

�m
BSM
µ /mµ ⇠ O(CBSM). The estimate �a

BSM
µ ⇠ O(�m

BSM
µ /mµ) ⇥

m
2
µ

M
2

BSM

is therefore valid in many mod-

els [50, 53]. One may impose a criterion that these BSM corrections to the muon mass do not introduce

fine-tuning, i.e. do not exceed the actual muon mass. In models where this criterion is satisfied, CBSM can be

at most of order unity and a generic upper limit,

�a
BSM

µ . O(1)
m

2
µ

M
2

BSM

, (12)

is obtained [50, 53]. In this wide class of models, imposing this criterion then implies an order-of-magnitude

5We note that Eq. (11) does not imply the naive scaling �aBSM

e : �aBSM

µ : �aBSM

⌧ ⇡ m2

e : m2

µ : m2

⌧ with the lepton generation
since the coe�cient CBSM does not have to be generation-independent. Still, the prefactor m2

l /M
2

BSM in al implies that the muon
magnetic moment is more sensitive to BSM physics than the electron magnetic moment and that typical models which explain e.g.
the BNL deviation for aµ give negligible contributions to ae. For detailed discussions and examples for deviations from naive scaling
in models with leptoquarks, two Higgs doublets or supersymmetry we refer to Refs. [330,418].
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Testable with 

decay to tµ is taken to be �Ru

2
= 1.

Further constraints can be placed on leptoquarks from the e↵ective coupling of a Z boson to leptons. The

experimentally measured e↵ective couplings of the Z boson to a pair of muons are given as g
µµ

L
= �0.2689 ±

0.0011, gµµ
R

= 0.2323 ± 0.0013 [417,442] in the case of left- and right-handed couplings. The contribution from

a scalar leptoquark with couplings to any flavour of the SM fermions to the e↵ective couplings between Z and

muon, �g
µµ

L,R
, is given by Eqs. (22,23) in Ref. [443] for the leptoquarks S1 and R2 respectively. Points with

left-right e↵ective couplings more than 2� away from the measured values are treated as constrained.

Likewise, the e↵ective coupling of the Z boson to any two neutrinos has been measured as the observed

number of light neutrino species N⌫ = 2.9840 ± 0.0082 [442]. The BSM contributions from a scalar leptoquark

to this are given by [443]:

N⌫ =
X

i,j=e,µ,⌧

⇣
|�

ij +
�g

ij

⌫L

g
SM

⌫L

|
2 + |

�g
ij

⌫R

g
SM

⌫L

|
2

⌘
, (21)

where g
SM

⌫L
are the SM couplings, and �g

ij

⌫L,R
are the BSM couplings between the Z boson and the neutrinos

given again in Eqs. (22,23) from Ref. [443].

Due to the large masses of the leptoquarks considered for this model, it is reasonable to consider fine-tuning

in the mass of the muon. With large BSM masses and sizeable couplings to the SM, contributions to the muon

can be generated as detailed in Sec. 2. The specific constraint considered in this paper for when the contribution

to the muon mass is considered not “fine-tuned” is

1

2
<

m
MS
µ

mµ

< 2, (22)

i.e. the relative di↵erence between the MS and pole masses m
MS
µ and mµ should not exceed 100%. While

not forbidden, one may consider explanations of large aµ via O(> 100%) corrections to the pole mass mµ as

unattractive.

Since the chirality flip provides an enhancement to �aµ proportional to the squared mass of the heaviest

quark that the leptoquark couples to, in the case of a leptoquark coupling to the SM’s third quark generation the

enhancement is mt/mµ. Note that we actually found that the mc/mµ enhancement for charm-philic leptoquarks

was su�cient to allow explanations of �a
BNL
µ consistent with LHC limits (but not flavour constraints) with

perturbative couplings, therefore this much larger enhancement should be more than su�cient, even with rather

small couplings or quite heavy masses. In both cases of the leptoquark models, the leptoquark contributions to

aµ are given by two kinds of diagrams of the FFS and SSF type,

�a
LQ

µ = �a
FFS

µ + �a
SSF

µ . (23)

For the scalar leptoquark singlet S1, the contributions to aµ specifically come from diagrams with top–leptoquark

loops and are given by:

�a
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µQt
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, (25)

where the charges Qt = 2/3, QS1
= 1/3 and the one-loop functions B(x), C(x), E(x), and F (x) are defined
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図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも
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図 5: B̃, µ̃L, µ̃Rによる寄与によってミューオン g−2を
説明可能なシナリオの例 [22]。点線で囲まれた領域は，
LHC探索によって棄却された。この図では，B̃ を暗黒
物質と仮定しており，その熱的残存量が現在の観測値を
再現するように残りのパラメータを選んでいる。
オンとボソンの間の対称性，SUSYともよばれる）を導
入したものが最小超対称標準模型 (MSSM)である。こ
れは標準模型の粒子に加え，それらの超対称パートナー
であるような新粒子（SUSY粒子）を含む模型であり，
階層性問題を解く・ゲージ結合定数を数値的に統一でき
る・暗黒物質が自然に導入できるといった多くの魅力的
な性質をもつ。とくに，ミューオンの超対称パートナー
であるスミューオン µ̃などから図 2のダイアグラムが
得られるため，ミューオン g−2アノマリーを解くこと
ができる。
SUSYの枠組みでは，tanβ という自由パラメータが
本質的に重要なはたらきをする。2種類のヒッグス粒子
(H0

u , H
0
d)が導入され，それぞれの真空期待値 (vu, vd)によって電弱対称性が破れる。（ただし√

v2u + v2d = v を
満たす。ここで v は標準模型でのヒッグスの真空期待
値。）この真空期待値の比が tanβ ≡ vu/vd である。これによりレプトンの湯川相互作用が

ySUSY
µ = ySMµ

v

vd
" ySMµ tanβ (21)

を満たす。その結果，式 (19)が
aSUSY
µ ∼

m2
µ

16π2

（ゲージ相互作用）2
（SUSY粒子の質量）2 × tanβ (22)

のような変更を受け，大きな tanβ（たとえば 40）を用
いれば比較的容易にアノマリーが説明できるのである。
MSSMの寄与の主要部は図 4の四つのダイアグラム

で近似的に表すことができる。これらはゲージ固有状態
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図 6: W̃ , H̃, µ̃L による寄与によってミューオン g−2を
説明可能なシナリオの例 [22]。m(χ̃±

1 ) > m(µ̃L)の領域は，LHC探索 (Run 2) によって棄却された。
で書かれているが，ここでは詳細には立ち入らない12。
どれも SUSY粒子は三つしか含んでいないことが重要
である。つまり，たとえば B̃・µ̃L・µ̃Rだけが軽ければ（他の SUSY粒子の質量によらず）右上のダイアグラム
単独でアノマリーを解くことができるのである。
そのような単純な例，つまり B̃・µ̃L・µ̃Rだけが軽く，その他の SUSY粒子がとても重いと仮定したケース13を

解析した結果が図 5である。LHC探索（pp→ µ̃+µ̃− →
2µ+ pmiss

T など）により大部分が棄却されているが，µ̃

と B̃ の質量が近い領域がアノマリーの解としてまだ許
されている。さらにこの場合，宇宙の暗黒物質が B̃ で
あることも言えて，そのうえ現在の宇宙での残存量も自
然に説明できる。つまりミューオン g−2アノマリーと
暗黒物質を同時に解けるわけで，今後の実験で探ってほ
しい領域である。
同様に，W̃・H̃・µ̃L が軽いと仮定したケースの一例が図 6 である14。この場合は図 4 の左上のダイアグラ
ムがミューオン g−2に大きく寄与する。図 6の右下半
分は LHCによるチャージーノ χ̃±

1 探索によりほぼ棄却されているが，左上半分すなわちチャージーノ χ̃±
1 がスミューオン µ̃L より軽い領域はまだ棄却されていない。

12たとえば (µ̃L, µ̃R) はスミューオンのゲージ固有状態であり，これらの混合により質量固有状態 µ̃1, µ̃2 が構成される。同様に，
(B̃, W̃ 0, H̃0

d , H̃
0
u)が混ざってニュートラリーノ χ̃0

1–4 が，(W̃±, H̃±)が混ざってチャージーノ χ̃±
1,2 ができる。

13恣意的なチョイスに見えるし，実際恣意的なのだが，結果をたやすく理解できるという利点がある。恣意性を排除してすべての場合を尽くそうと思えば図 4の全粒子を考えることになる。その場合，ざっくり言えば 5パラメータの解析となるのでそれほど難しくない（たとえば [23]）が，結果の解釈はやや煩雑になる。
14この例でも B̃ が暗黒物質であるが，残存量も自然に説明できる領域は LHC 探索によって棄却された。
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(174 GeV)2, where v is the VEV of the SM Higgs. Since only the sum of their

squares is constrained, the ratio of vu/vd is a free parameter, and we can write:

vu = v sin β

vd = v cos β

vu

vd
= tanβ. (2.2)

The parameter tanβ is related to Yukawa couplings through the quark mass via re-

lations like mt = yt sin β, so we can theoretically constrain tanβ from perturbativity

considerations on the Yukawa couplings. In order for the top Yukawa coupling to

remain perturbative, it must be that tanβ >∼ 1; and similarly for the bottom Yukawa

coupling to stay perturbative, tanβ <∼ 65. This allowed region of tanβ can be roughly

divided into two regions. Models with tanβ greater than about 20 are said to have

large tanβ, while models with tanβ less than about 10 are said to have small tanβ.

This classification is not rigorous, but the division is useful because it delineates two

qualitatively different regions of parameter space. The central point is that there is

a significant difference between going from tanβ of 5 to 10, and going from tanβ of

30 to 35. (This is manifest from just looking at the graph of the tangent function.)

The parameter tanβ is of central importance in any SUSY model. Virtually

all SUSY observables depend on tanβ, either explicitly, or implicitly through the

computed spectrum of the model. Therefore it is extremely worthwhile to take some

effort to examine whether or not there is anything we can say about this parameter,

in order to make studies of SUSY parameter space more productive. In particular,

we wish to motivate which regime of tanβ is likely to be realized in a SUSY world.

We will see that there are good reasons to argue that tanβ may be large.
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4

た結果 (11)よりも 2.1σ大きな値である。この結果を用
いて標準模型の理論値を計算すると，図 1に示したとお
り，実験結果と矛盾しない (1.5σ)値が得られる。
この結果は高い注目を集めており，様々な比較検討
が行われている。たとえば文献 [18] などで “window

method”と呼ばれる解析によって他の格子計算との子
細な比較が続けられている。また，電弱精密測定との比
較からも興味深い知見が得られる。BMWの結果は，式
(10)の σe+e−→ハドロン がホワイトペーパーで用いられた値よりも大きいことを示唆している。ところが，この断
面積は微細構造定数 αのエネルギー依存性を通して電
弱スケールの物理にも影響を及ぼす。もし√s ! 1 GeV

の領域の断面積を手で変化させると，電弱スケールの諸
測定と矛盾してしまうのである。これを回避するために
は，たとえば √

s " 1 GeVの領域のみが観測データよ
りも 5%程度大きければ BMWの結果と電弱精密測定
とが整合することがわかった [19]。しかしこれは断面積
の観測データとは整合しない8。従って今後 Belle II実
験などの測定で σe+e−→ハドロン，特に√s " 1 GeVの領
域を確認することが必要である [15]。
2022 年から CERN で本格的な稼働が計画されてい

るMUonE実験 [20]にも注目が集まっている。これは
ミューオンビームを用いて µ±e− → µ±e− 弾性散乱を
精密に測定する実験である。この測定のデータを用いる
ことで，HVPの寄与を式 (10)の手法とはまったく独立
に，しかも同程度の精度で得ることができる9。そのた
め，HVPをめぐる現状に対して何らかの答えを与える
ことが期待されている。
また，HLbLについて Mainzグループの格子計算の

結果
aHLbL,uds
µ （格子，Mainz）= 10.68(1.47)× 10−10 (18)

も報告されている [21]10。これは他の結果 (14)(16) と
整合しており，ミューオン g−2アノマリーへの影響は
ない。
以上見てきたとおり，QED・電弱に関しては複数の
グループ・手法による検証が達成され，その不確かさも
FNAL実験の最終目標（0.14 ppmすなわち 1.6×10−10）
より十分小さい。また，HLbL は今後も解析が必要だ
が，いまのところ大きな問題は見つかっていない。一方
で HVPについてはまだ議論の余地が残されており，格
子計算・現象論・将来実験といった様々な面からのアプ
ローチが行われる予定である。乞う御期待。

85%の不整合は，BaBar 実験と KLOE 実験の間の断面積の不一致 (2～3%) よりも大きい。
9理論計算の側でも，MUonE実験の測定精度と同精度の値の確定に向けた努力が続けられている。

10ちなみにこの論文も 2021年 4月 7日に arXiv上で発表された。
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B̃ĜH̃0
d

µL µR

γµ̃R

H̃0
dĜB̃

図 4: ミューオン g−2への SUSY粒子の寄与は，ゲー
ジ固有状態を用いてこのように近似的に表すことがで
きる。

4 新物理による解釈
この 4.2σのミューオン g−2アノマリーは，標準模型
の解析に不備がなければ，標準模型を超える “新物理”

の存在を強く示唆する。すなわち図 2のダイアグラムに
寄与する未知の粒子があって，aµ に新物理の寄与 aNP

µが含まれる可能性である。たとえば新粒子が 1ループダ
イアグラムを構成できれば，大まかに

aNP
µ ∼

m2
µ

16π2

g2NP

M2
NP

(19)

という寄与を与える。これを式 (7) と比べれば，質量
MNP と結合定数 gNP に対して

MNP ∼ gNP × 150 GeV (20)

という見積もりができる。このため，新物理には
• 大きな結合定数をもつ TeVスケールの新物理
• O(1)の結合定数をもつ電弱スケールの新物理
• 小さな結合定数をもつGeVスケール以下の新物理

の 3種類の可能性が考えられる11。
この章では，ミューオン g−2アノマリーが示唆する代

表的な新物理の例を列挙し，その将来展望を議論する。
なお，これらをさらに拡張した模型や組み合わせた模型
なども数多く提唱されているが，それらについては誌面
の都合上割愛する。

4.1 超対称性理論
標準模型はローレンツ対称性やゲージ対称性などの対

称性をもっているが，そこにさらに超対称性（フェルミ
11同様に，電子 g−2 に対しても新物理の寄与が存在する。しかし通常その寄与は（m2

µ ではなく）m2
e に比例するため電子 g−2 の測定精度より小さい値となる。
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図 5: B̃, µ̃L, µ̃Rによる寄与によってミューオン g−2を
説明可能なシナリオの例 [22]。点線で囲まれた領域は，
LHC探索によって棄却された。この図では，B̃ を暗黒
物質と仮定しており，その熱的残存量が現在の観測値を
再現するように残りのパラメータを選んでいる。
オンとボソンの間の対称性，SUSYともよばれる）を導
入したものが最小超対称標準模型 (MSSM)である。こ
れは標準模型の粒子に加え，それらの超対称パートナー
であるような新粒子（SUSY粒子）を含む模型であり，
階層性問題を解く・ゲージ結合定数を数値的に統一でき
る・暗黒物質が自然に導入できるといった多くの魅力的
な性質をもつ。とくに，ミューオンの超対称パートナー
であるスミューオン µ̃などから図 2のダイアグラムが
得られるため，ミューオン g−2アノマリーを解くこと
ができる。
SUSYの枠組みでは，tanβ という自由パラメータが
本質的に重要なはたらきをする。2種類のヒッグス粒子
(H0

u , H
0
d)が導入され，それぞれの真空期待値 (vu, vd)によって電弱対称性が破れる。（ただし√

v2u + v2d = v を
満たす。ここで v は標準模型でのヒッグスの真空期待
値。）この真空期待値の比が tanβ ≡ vu/vd である。これによりレプトンの湯川相互作用が

ySUSY
µ = ySMµ

v

vd
" ySMµ tanβ (21)

を満たす。その結果，式 (19)が
aSUSY
µ ∼

m2
µ

16π2

（ゲージ相互作用）2
（SUSY粒子の質量）2 × tanβ (22)

のような変更を受け，大きな tanβ（たとえば 40）を用
いれば比較的容易にアノマリーが説明できるのである。
MSSMの寄与の主要部は図 4の四つのダイアグラム

で近似的に表すことができる。これらはゲージ固有状態
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図 6: W̃ , H̃, µ̃L による寄与によってミューオン g−2を
説明可能なシナリオの例 [22]。m(χ̃±

1 ) > m(µ̃L)の領域は，LHC探索 (Run 2) によって棄却された。
で書かれているが，ここでは詳細には立ち入らない12。
どれも SUSY粒子は三つしか含んでいないことが重要
である。つまり，たとえば B̃・µ̃L・µ̃Rだけが軽ければ（他の SUSY粒子の質量によらず）右上のダイアグラム
単独でアノマリーを解くことができるのである。
そのような単純な例，つまり B̃・µ̃L・µ̃Rだけが軽く，その他の SUSY粒子がとても重いと仮定したケース13を

解析した結果が図 5である。LHC探索（pp→ µ̃+µ̃− →
2µ+ pmiss

T など）により大部分が棄却されているが，µ̃

と B̃ の質量が近い領域がアノマリーの解としてまだ許
されている。さらにこの場合，宇宙の暗黒物質が B̃ で
あることも言えて，そのうえ現在の宇宙での残存量も自
然に説明できる。つまりミューオン g−2アノマリーと
暗黒物質を同時に解けるわけで，今後の実験で探ってほ
しい領域である。
同様に，W̃・H̃・µ̃L が軽いと仮定したケースの一例が図 6 である14。この場合は図 4 の左上のダイアグラ
ムがミューオン g−2に大きく寄与する。図 6の右下半
分は LHCによるチャージーノ χ̃±

1 探索によりほぼ棄却されているが，左上半分すなわちチャージーノ χ̃±
1 がスミューオン µ̃L より軽い領域はまだ棄却されていない。

12たとえば (µ̃L, µ̃R) はスミューオンのゲージ固有状態であり，これらの混合により質量固有状態 µ̃1, µ̃2 が構成される。同様に，
(B̃, W̃ 0, H̃0

d , H̃
0
u)が混ざってニュートラリーノ χ̃0

1–4 が，(W̃±, H̃±)が混ざってチャージーノ χ̃±
1,2 ができる。

13恣意的なチョイスに見えるし，実際恣意的なのだが，結果をたやすく理解できるという利点がある。恣意性を排除してすべての場合を尽くそうと思えば図 4の全粒子を考えることになる。その場合，ざっくり言えば 5パラメータの解析となるのでそれほど難しくない（たとえば [23]）が，結果の解釈はやや煩雑になる。
14この例でも B̃ が暗黒物質であるが，残存量も自然に説明できる領域は LHC 探索によって棄却された。
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(A) µ = M2, M1 = M2/2 (B) µ = 2M2, M1 = M2/2

(C) µ = M2, me�0
1
= 100GeV (D) µ = 2M2, me�0

1
= 100GeV

Figure 1: The 2021 Spring summary of the chargino-dominated SUSY scenario for the

muon g � 2 anomaly. Four benchmark parameter planes are considered, where the WHL

contribution is sizable and aSUSY
µ explains the anomaly at the 1� (2�) level in the orange-

filled (yellow-filled) regions; aSUSY
µ ⇥ 1010 is shown by the black contours (but up to

50). The thick black line corresponds to meµL
= me�±

1

. The gray-filled region, where

the LSP is e⌫, and the red-hatched region in (A), which corresponds to a compressed

spectrum, are not studied. The red-filled and blue-filled regions are excluded by the LHC

experiment [50,56,57]. We also analyzed the results of Refs. [58,59] but only on the model

points with x = 0.05, 0.5, and 0.95 [see Eq. (22)]; the excluded ranges are shown by the

magenta bars. Detailed description of the LHC constraints is provided in our previous

work [48].

by the ATLAS and CMS collaborations:

SLSL: pp ! è
L
è⇤
L ! (`e�0

1)(¯̀e�0

1) , (17)

CC/WW: pp ! e�+

1
e��
1
! (W+e�0

1)(W
�e�0

1) , (18)

NC/HW: pp ! e�0

2e�±
1
! (he�0

1)(W
±e�0

1) , (19)

NC/ZW: pp ! e�0

2e�±
1
! (Ze�0

1)(W
±e�0

1) , (20)

NC/3L: pp ! e�0

2e�±
1
!

(
(lelL)(⌫elL) ! (lle�0

1
)(⌫le�0

1
) ,

(lelL)(le⌫) ! (lle�0

1
)(l⌫e�0

1
) .

(21)

where ` = e, µ, èL = eeL, eµL, l = e, µ, ⌧ , elL = eeL, eµL, e⌧L, and e⌫ = e⌫e,L, e⌫µ,L, e⌫⌧,L. For the

details of the analysis procedure, we refer the readers to our previous study [48].

In the previous work [48], the parameter spaces were constrained by the following

analyses:

• Ref. [56] by ATLAS collaboration (SLSL, 139 fb�1),

• Ref. [57] by ATLAS collaboration (CC/WW and NC/HW, 139 fb�1),

• Ref. [58] by CMS collaboration (NC/3L, 35.9 fb�1),

• Ref. [59] by ATLAS collaboration (NC/3L, 36.1 fb�1).

In addition, we found that the newly appeared result,#9

• Ref. [50] by CMS collaboration (SLSL, 139 fb�1)

is also responsible for the exclusion of our parameter spaces; it excludes the blue-filled

region with labels “SLSL/C” in Fig. 1. The “SLSL/A” blue-filled region has been excluded

by the ATLAS counterpart. The red-filled regions are excluded by the CC/WW and

NC/HW channels. For the NC/3L channel, both of the ATLAS and CMS collaborations

assume specific mass spectra of electroweakinos and sleptons, which determine the lepton

energies. In terms of a mass di↵erence ratio,

x =
meµL

�me�0

1

me�±
1

�me�0

1

, (22)

the CMS collaboration considers three di↵erent mass spectra, x = (0.05, 0.5, 0.95), while

the ATLAS studies x = 0.5. In Fig. 1, the corresponding model points are displayed by

the dashed black lines, and the magenta bars show the regions excluded by the NC/3L

channel. Although we have not investigated the NC/3L bounds for arbitrary x value, it is

expected that the bounds on x = 0.05, 0.5, 0.95 are continuously connected with a peak

around x = 0.5 (cf. Ref. [60]).

Several preliminary results on conference papers [61–63] are not included because nu-

merical data have not been made public. According to our estimation, they provide

#9We also examined the NC/HW analysis in Ref. [49] and the NC/ZW analysis in Ref. [50] based on the

full Run 2 data, but no constraints are obtained on our parameter space. Other fifteen publications from

the ATLAS and CMS collaborations are also taken into account; see [48] for the full list of references.
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図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも
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 enhancement (tanβ)2

Two High doublet model (2HDM)

To avoid tight constraints form flavor observables,
need specific yukawa structure → Type-X, flavor aligned

Light neutral pseudo scalar A

Iguro, Kitahara, Lang Takeuchi

2304.09887

Figure 2. The parameter plane of ⇠ and mA in the type-X 2HDM. The cyan and blue

regions can accommodate the muon g � 2 anomaly at the 1� and 2� levels, respectively.

The region to the left of the green, purple, and brown lines is excluded by the ⌧ decay,

Z decay, and scalar bremsstrahlung constraints, respectively. The Bs ! µ
+
µ
� constraint

excludes the region to the left of the red line. We take mH = mH± = 250 (300)GeV on the

left (right) panel.

In addition, the one-loop correction to the fermion coupling of the Z boson provides

an important cross-check in this scenario. Thanks to the hierarchical structure of the

Yukawa couplings, the Z-boson interaction with the tau leptons is most sensitive to

the additional scalars. For the partial cancellation of systematic uncertainties, taking

the ratio of leptonic decay widths improves the sensitivity. The LEP averages are

given as [122],#10

�(Z ! ⌧
+
⌧
�)

�(Z ! e+e�)
= 1.0019± 0.0032 ,

�(Z ! µ
+
µ
�)

�(Z ! e+e�)
= 1.0009± 0.0028 , (3.3)

with a correlation of 0.63. A larger mass di↵erence ofmH–mA yields a larger deviation

from the SM prediction of the Z-boson interaction. Furthermore, the tau polarization

asymmetry in Z ! ⌧
+
⌧
� is also precisely measured at the LEP and the average

is [125]

A⌧ = 0.143± 0.004 . (3.4)

The corresponding corrections involving additional scalars are summarized in Ap-

pendix A.3. The excluded regions from Z-boson decays are shown by the purple lines

#10It is noted that the recent result of �(Z!µ
+
µ
�)

�(Z!e+e�) from ATLAS [123], which has a twice larger
uncertainty, is consistent with the LEP result. In addition, the uncertainty from LHCb is much
larger than that of the LEP [124]. Furthermore, the correlation matrix is not available in the
PDG [125]. Therefore we use the LEP average.
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The simplest explanation in 2HDM was excluded

There was a room that muon g-2 anomaly can be explained by lepto-philic (type-X) 2HDM 

It is found that such a 2HDM is completely excluded by flavor and collider bounds
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図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも
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for muon g-2, couple to muon

not couple to electron
interact only with 2nd & 3rd generation leptons 

Severely constrained by 
neutrino trident production

3

Next we consider the phase-space integration. The to-
tal cross-section is obtained by integrating over the entire
solid angle ⌦0, ` < t < s, and 4m2 < ` < s. The inte-
gration over phase-space is best done first over the solid
angle, then over t and ` (see also ref. [23]). Keeping only
leading log terms in the muon mass we find the following
expression for the inclusive SM cross-section,

�(SM)
'

1

2

�
C2

V
+ C2

A

� 2G2

F
↵ s

9⇡2

✓
log

⇣ s

m2

⌘
�

19

6

◆
. (9)

The destructive interference between the charged and
neutral vector-boson contributions leads to a reduction
of about 40% of the SM cross-section compared to the
pure V-A theory. Our results corrects a missing factor of
2 in the corresponding expression in ref. [16].

In general we can write

�(SM+Z
0
) = �(SM) + �(inter) + �(Z

0
) , (10)

where the second term is the interference between the
SM and the Z0 contributions. In the heavy mass limit,
mZ0 �

p
s this can be expressed concisely as [13]

�(SM+Z
0
)

�(SM)
'

1 +
⇣
1 + 4 sin2 ✓W + 2v2

SM
/v2

Z0

⌘2

1 +
�
1 + 4 sin2 ✓W

�2 . (11)

This expression also holds for the di↵erential cross-
section in this limit, up to muon mass corrections.

In the limit of light Z0, mZ0 ⌧
p
s the expression is

more complex. In the leading log approximation, the
interference term is given by

�(inter)
'

GF
p

2

g02CV↵

3⇡2
log2

⇣ s

m2

⌘
. (12)

The Z0 contribution alone, for m ⌧ mZ0 ⌧
p
s, is

�(Z
0
)
'

1

m2

Z0

g04↵

6⇡2
log

✓
m2

Z0

m2

◆
, (13)

while for mZ0 ⌧ m ⌧
p
s it is

�(Z
0
)
'

1

m2

7g04↵

72⇡2
log

✓
m2

m2

Z0

◆
. (14)

As can be expected, at high mZ0 the Z0 contribution is ad-
ditive with respect to the SM one (as shown in Eq. (11))
and decouples as m�2

Z0 . For light Z0, on the other hand,
the cross-section is only log sensitive to mZ0 and the cen-
ter of mass energy of the event.

To get the total ⌫µN ! ⌫µNµ+µ� cross-section, the
real-photon contribution can be easily integrated against
the Weizsäcker-Williams probability distribution func-
tion, Eq. (2), in 4m2 < s < 2E⌫q and 4m2/(2E⌫) <
q < 1, with the q integral regulated by the form fac-
tor . Using a simple exponential form factor, we find
good agreement between our results from the EPA and
a direct numerical calculation of the full process follow-
ing [19]. As a cross check we also reproduced the trident

0.01 0.1 1 10 102 103

10-3

0.01

0.1

1

m Z ' HGeVL

g '

CCFR

Hg-2Lm ±2s

ZÆ4mûLHC

FIG. 2. Parameter space for the Z0 gauge boson. The light-
grey area is excluded at 95% C.L. by the CCFR measurement
of the neutrino trident cross-section. The grey region with
the dotted contour is excluded by measurements of the SM
Z boson decay to four leptons at the LHC [24, 25]. The
purple (dark-grey) region is favored by the discrepancy in the
muon g-2 and corresponds to an additional contribution of
�aµ = (2.9± 1.8)⇥ 10�9 to the theoretical value [26].

cross sections reported in [19, 22], for V-A theory and
for the SM, for various neutrino energies, using both the
EPA and the numerical calculation. For large mZ0 the
relative size of the Z0 contribution is independent of the
neutrino energy. For low mZ0 on the other hand, lower
neutrino energies lead to an enhanced sensitivity to the
Z0. Since the experimental searches employed a variety
of kinematical cuts, in determining the sensitivity to the
{g0,mZ0} parameter space we use full numerical results
for the phase-space integration rather than analytic ap-
proximations and keep the full dependence on the muon
mass.

Neutrino trident production has been searched for in
several neutrino beam experiments. Both the CHARM-
II collaboration [27] (using a neutrino beam with mean
energy of E⌫ ⇠ 20 GeV and a glass target) and the CCFR
collaboration [28] (using a neutrino beam with mean en-
ergy of E⌫ ⇠ 160 GeV and an iron target) reported detec-
tion of trident events and quoted cross-sections in good
agreement with the SM predictions,

�CHARM�II/�SM = 1.58 ± 0.57 , (15)

�CCFR/�SM = 0.82 ± 0.28 . (16)

(Corresponding results from NuTeV can also be used al-
beit with some caution due to a rather large di↵erence
in the background treatment between the initial report
[29] and the publication [30].) These results strongly
constrain the gauged Lµ � L⌧ model, and more gen-
erally any new force that couples to both muons and

W.Altmannshofer, S.Gori, M.Pospelov,I.Yavin
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Light Z’ boson can explain muon g-2
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N N
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q

k Z �

�

FIG. 1. The leading order contribution of the Z0 to neutrino
trident production (another diagram with µ+ and µ� reversed
is not shown). Other contributions at the same order in g0

are further suppressed by the Fermi scale.

is not directly relevant for our work, and thus we suppress
any additional pieces in (1) related to the corresponding
Higgs sector.

This model contributes to the neutrino trident pro-
duction at lowest order through the diagram shown in
Fig. 1. This contribution interferes with the SM contri-
bution coming from W±/Z exchange. In order to gain
insight into the di↵erent contributions, in what follows
we provide analytical results using the equivalent pho-
ton approximation (EPA) [14, 15]. Under the EPA, the
full cross-section of a muon-neutrino scattering with a
nucleus N is related to the cross-section of the neutrino
scattering with a real photon through,

�(⌫µN ! ⌫µNµ+µ�) =

Z
�(⌫µ� ! ⌫µµ

+µ�) P (s, q2) .(2)

Here, P (q2, s) is the probability of creating a virtual pho-
ton in the field of the nucleus N with virtuality q2 which
results in the energy being

p
s in the center-of-mass frame

of the incoming neutrino and a real photon. This proba-
bility is given by [16]

P (q2, s) =
Z2e2

4⇡2

ds

s

dq2

q2
F 2(q2) , (3)

where Ze and F (q2) are the charge and the electromag-
netic form-factor of the nucleus, respectively. The in-
tegral over s is done from 4m2 to 2E⌫q, with the muon
mass m and the neutrino energy E⌫ . The q integral has a
lower limit of 4m2/(2E⌫) and the upper limit is regulated
by the exponential form-factor. We thus concentrate on
the computation of the cross-section �(⌫µ� ! ⌫µµ+µ�).
Computations of the full ⌫µN ! ⌫µNµ+µ� process have
been performed in [17–22] in the context of the V-A the-
ory and of the SM.

We begin with the di↵erential cross-section for the
⌫� ! ⌫µ+µ� sub-process associated with a pure V-A
charged interaction between neutrinos and muons. It is
given symbolically by

d� =
1

2s
dPS3

0

@1

2

X

pol

|M1M2|
2

1

A G2

F
e2

2
, (4)

where GF =
p

2g2/(8M2

W
) is the Fermi constant. The

3-body phase-space (with correction of a typo in the cor-
responding expression of ref. [23]) is given by

dPS3 =
1

2

1

(4⇡)2
dt

2s

d`

2⇡
v
d⌦0

4⇡
, (5)

where ` = (p+ + p�)2 is the square of the invariant
mass of the µ+µ� pair, ⌦0 is the solid angle with re-
spect to the photon four-vector in the µ+µ� rest-frame,
v =

p
1 � 4m2/` is the velocity of each muon in that

frame, and t ⌘ 2k · q. M1 and M2 in (4) are the neutrino
and the muon-pair blocks in the amplitude, that form
the total amplitude according to M = GFep

2
M1M2. The

factor of 1/2 in (4) originates from the average over the
incoming photon polarizations.

Using M1,2 explicitly, and summing over spins and po-
larizations, we get (in agreement with result of ref. [16])

1

2

X

pol

|M1M2|
2

⌘ 512 |MV�A|
2

' 512 ⇥

 
(6)
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!
,

where A = (p� � q)2 � m2 and B = (q � p+)2 � m2.
The result for the full SM contribution together with the
Z0 vector-boson exchange can be obtained from the V-A
matrix-element contribution, if we neglect terms propor-
tional to the muon mass. The full square of the matrix-
element is defined as in Eq. (6) but with,

1

2

X

pol

|M1M2|
2 = 512 |MV�A|

2
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1

2
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!

.

Here, k is the momentum of the exchanged Z0 and the SM
coe�cients of the vector and axial-vector currents in the
interaction of muon-neutrinos with muons are CV = 1

2
+

2 sin2 ✓W , CA = 1

2
, with ✓W being the weak mixing angle.

The second line in Eq. (7) features the Z0 contribution
with the vector-current coe�cient defined as,

C(Z
0
)

V
= 4

M2

W

m2

Z0

g02

g2
=

v2
SM

v2
Z0

, (8)

where vSM = 246 GeV is the SM Higgs vacuum expecta-
tion value and v

Z0 = mZ0/g0.
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図 8: アクシオン様粒子の寄与によってミューオン g−2

アノマリーを説明できる光子結合定数 (caγγ/fa)の最小値。濃く塗りつぶされたパラメータ領域は，様々な実験
によって既に棄却されている [34]。
いると，アクシオン様粒子が µ粒子対との間に微分相互
作用をもつ。このとき図 7で示されるダイアグラムの寄
与により，ミューオン g−2アノマリーを説明すること
ができる。
ミューオン g−2アノマリーを説明するためには光子
とアクシオン様粒子の結合が十分に強い必要がある。し
かしそのようなパラメータ領域はすでに多くの実験によ
り制限が付けられている。図 8は，ミューオン g−2ア
ノマリーを説明できる光子結合定数と，様々な実験から
の最新の制限を表す。ここから，アクシオン様粒子 (a)

の質量が
40 MeV ! ma ! 200 GeV (26)

であれば，様々な実験の制限とミューオン g−2アノマ
リーが矛盾しないことがわかる [34]。
ここで注目すべきは，図 8の中に描かれたBelle II実験
による制限である [35]。これは，e+e− → γ a→ γγγと
いうプロセスの探索結果であり，わずか 0.5 fb−1のデー
タによって制限が付けられている。最終的には 50 ab−1

のデータが溜まることを踏まえると，ミューオン g−2

アノマリーが示唆するパラメータ領域は近い将来探索可
能であると期待される。

4.6 新たな軽いゲージ粒子
標準模型とは異なる隠れたセクター (hidden sector)

が U(1)ゲージ対称性をもつ場合，そのゲージ粒子を暗
黒光子と呼ぶ。このような模型は，大統一理論やストリ
ング理論などの素粒子論的動機付けをもつ。暗黒光子は
光子との小さな運動項混合 [36]を通じて，標準模型の
電磁カレントと相互作用する。それにより 1 ループで
ミューオン g−2に寄与を与えるので，ミューオン g−2

アノマリーを説明することができる。

暗黒光子模型は運動項混合の大きさとその質量とい
う二つの自由パラメータしかもたず，これらは加速器実
験や宇宙観測，電子 g−2などから厳しく制限されてい
る [37]。ついに 2015年のNA48実験によって，ミューオ
ン g−2アノマリーを説明可能な暗黒光子模型は完全に棄
却された [38]。またその拡張として，暗黒光子が hidden

sectorの別の見えない粒子に崩壊する模型も提案されて
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図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも

61

Vectorlike lepton(VL)

6

µL µR

γGZ

tRĜtL
§4.2 レプトクォーク (LQ)

µL µR

γoG

h, Z,W

§4.3 重いレプトン (VL)

µL µR

γ
τ

µR

A γ

§4.4 スカラー粒子 (A)

µL µR

γ

µR

a γ

§4.5 アクシオン様粒子 (a)

µL µR

γµLĜµR

Z ′

§4.6 軽いゲージ粒子 (Z′)

図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも

616

µL µR

γGZ

tRĜtL
§4.2 レプトクォーク (LQ)

µL µR

γoG

h, Z,W

§4.3 重いレプトン (VL)

µL µR

γ
τ

µR

A γ

§4.4 スカラー粒子 (A)

µL µR

γ

µR

a γ

§4.5 アクシオン様粒子 (a)

µL µR

γµLĜµR

Z ′

§4.6 軽いゲージ粒子 (Z′)

図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも

61
4

た結果 (11)よりも 2.1σ大きな値である。この結果を用
いて標準模型の理論値を計算すると，図 1に示したとお
り，実験結果と矛盾しない (1.5σ)値が得られる。
この結果は高い注目を集めており，様々な比較検討
が行われている。たとえば文献 [18] などで “window

method”と呼ばれる解析によって他の格子計算との子
細な比較が続けられている。また，電弱精密測定との比
較からも興味深い知見が得られる。BMWの結果は，式
(10)の σe+e−→ハドロン がホワイトペーパーで用いられた値よりも大きいことを示唆している。ところが，この断
面積は微細構造定数 αのエネルギー依存性を通して電
弱スケールの物理にも影響を及ぼす。もし√s ! 1 GeV

の領域の断面積を手で変化させると，電弱スケールの諸
測定と矛盾してしまうのである。これを回避するために
は，たとえば √

s " 1 GeVの領域のみが観測データよ
りも 5%程度大きければ BMWの結果と電弱精密測定
とが整合することがわかった [19]。しかしこれは断面積
の観測データとは整合しない8。従って今後 Belle II実
験などの測定で σe+e−→ハドロン，特に√s " 1 GeVの領
域を確認することが必要である [15]。
2022 年から CERN で本格的な稼働が計画されてい

るMUonE実験 [20]にも注目が集まっている。これは
ミューオンビームを用いて µ±e− → µ±e− 弾性散乱を
精密に測定する実験である。この測定のデータを用いる
ことで，HVPの寄与を式 (10)の手法とはまったく独立
に，しかも同程度の精度で得ることができる9。そのた
め，HVPをめぐる現状に対して何らかの答えを与える
ことが期待されている。
また，HLbLについて Mainzグループの格子計算の

結果
aHLbL,uds
µ （格子，Mainz）= 10.68(1.47)× 10−10 (18)

も報告されている [21]10。これは他の結果 (14)(16) と
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85%の不整合は，BaBar 実験と KLOE 実験の間の断面積の不一致 (2～3%) よりも大きい。
9理論計算の側でも，MUonE実験の測定精度と同精度の値の確定に向けた努力が続けられている。

10ちなみにこの論文も 2021年 4月 7日に arXiv上で発表された。
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図 4: ミューオン g−2への SUSY粒子の寄与は，ゲー
ジ固有状態を用いてこのように近似的に表すことがで
きる。

4 新物理による解釈
この 4.2σのミューオン g−2アノマリーは，標準模型
の解析に不備がなければ，標準模型を超える “新物理”

の存在を強く示唆する。すなわち図 2のダイアグラムに
寄与する未知の粒子があって，aµ に新物理の寄与 aNP

µが含まれる可能性である。たとえば新粒子が 1ループダ
イアグラムを構成できれば，大まかに

aNP
µ ∼

m2
µ

16π2

g2NP

M2
NP

(19)

という寄与を与える。これを式 (7) と比べれば，質量
MNP と結合定数 gNP に対して

MNP ∼ gNP × 150 GeV (20)

という見積もりができる。このため，新物理には
• 大きな結合定数をもつ TeVスケールの新物理
• O(1)の結合定数をもつ電弱スケールの新物理
• 小さな結合定数をもつGeVスケール以下の新物理

の 3種類の可能性が考えられる11。
この章では，ミューオン g−2アノマリーが示唆する代

表的な新物理の例を列挙し，その将来展望を議論する。
なお，これらをさらに拡張した模型や組み合わせた模型
なども数多く提唱されているが，それらについては誌面
の都合上割愛する。

4.1 超対称性理論
標準模型はローレンツ対称性やゲージ対称性などの対

称性をもっているが，そこにさらに超対称性（フェルミ
11同様に，電子 g−2 に対しても新物理の寄与が存在する。しかし通常その寄与は（m2

µ ではなく）m2
e に比例するため電子 g−2 の測定精度より小さい値となる。
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図 7: ミューオン g−2に寄与を与える新物理のダイアグ
ラムの例。
tanβ = 40という大きめの値を用いたため，µ̃L の質量が 1 TeV程度であってもアノマリーを説明できている。
この領域も，やはり今後の LHC実験の探索目標である。

4.2 レプトクォーク
レプトクォーク (LQ)は，その名のとおりレプトンと
クォークと同時に相互作用することができる新粒子であ
る。このため，整数のスピン（0または 1）をもち，分
数電荷±(1/3, 2/3, 4/3, 5/3)eおよび基本表現のカラー
電荷をもつ15。このような LQは，たとえばPati-Salam

模型と呼ばれる，クォークカラーとレプトンフレーバー
を統一するような理論を仮定すると自然に導入される。
このような LQは，図 7で示されるように 1ループで
ミューオン g−2に影響を与えることができる。
重要なことは，このような 1 ループダイアグラムは
仮想的に飛ぶクォークの質量に応じて増幅することであ
る。図 2で表されているように，g−2は µ粒子のカイ
ラリティの反転 (L ↔ R)を必要とするが，これは内線
のクォークのカイラリティ反転を要求することになる。
従って，LQがミューオン g−2に与える寄与はmq/mµだけ増幅する。
最も自然なシナリオは，LQが第二世代のクォーク・
レプトン (c, s, µ) と相互作用している場合である。つ
まり，mc/mµ 倍の増幅が期待される。しかし残念ながらこのようなシナリオはフレーバーによる制限 (D0 →

15一部の特殊なクラスの LQ模型は陽子崩壊を引き起こすため，すでに棄却されている。

µ+µ−, KL → µ+µ−, K+ → π+νν)と LHC探索 (pp→
LQLQ, pp→ µ+µ−j)によって棄却されている [24]。
従って，LQは第三世代のクォーク (t, b)と第二世代の

レプトン (µ)との間の世代を混ぜる相互作用をもつ必要
がある。このとき最大でmt/mµ ∼ 1600の増幅をもつ
ことができる。LQはQCDプロセスで生成可能なため，
LHC実験 (Run 2)によって模型の詳細によらず，概ね
mLQ ! 1.5 TeV の下限が与えられている。しかしなが
ら，mt/mµによる増幅により，このような TeVスケー
ルの LQでも十分にミューオン g−2アノマリーを説明
することが可能である。
ところで，ミューオン g−2ダイアグラムの光子をヒッ

グス粒子に置き換えたダイアグラムは µ粒子の質量に
量子補正を与える。この模型では，これもmt/mµによる増幅を受けて大きな補正となる。パラメータ間の fine

tuningを忌避してこの量子補正の大きさが実際の質量
であるmµ以下であることを要求すると，LQの質量に
上限が与えられる。以上から，ミューオン g−2アノマ
リーを説明する LQは，トップクォークと µ粒子との間
に相互作用をもち，その質量範囲は

1.5 TeV " mLQ " 2.1 TeV (23)

であると結論付けることができる [25]。
このような LQ は，LHC における直接生成 (pp →

LQLQ)で探索可能な一方，将来のZファクトリー (ILC,

CLIC, CEPC, FCC-ee)によって Z → µ+µ− を測定す
ることで間接的に探れることが見積もられている [26]。
また，LQはB中間子測定における複数のアノマリー
を容易に説明できることからも注目を浴びている。B中
関子アノマリーと LQの関係については，本誌の過去記
事 [27]や日本物理学会誌の記事 [28]で詳しく議論され
ている。LQを用いることで，このB中間子アノマリー
とミューオン g−2アノマリーを同時に説明できること
も知られている（たとえば文献 [29]）。

4.3 新たな重いレプトン
これまでに電子・µ粒子・τ 粒子の 3種類の荷電レプ

トンが発見されているが，なぜ他のレプトンが存在しな
いのかはわかっていない。むしろ，ミューオン g−2アノ
マリーは新たな重いレプトンの存在を示唆しているかも
しれない。あたかもクォークが湯川相互作用によって別
のクォークと結合するように，µ粒子もヒッグス粒子と
の相互作用によって新たなレプトンと結合することがで
きる。その結果，標準模型の電弱寄与に類似したダイア
グラム（図 7）を通じてこのレプトンはミューオン g−2

に寄与を与える [30]。
LHC実験からの制限を考えると，µ粒子と相互作用を

するような新たなレプトンの質量はO(100) GeVよりも
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The parameters εL(R)
23 can be constrained by the bounds on radiative LFV decays of the

τ lepton. In particular, B(τ± → µ±γ) < 4.4 × 10−8 (90% CL) as measured by the BaBar

experiment [31] implies

|C′
eγ

23(32)

| < 2.7× 10−6 TeV−2 (2.9)

that, in turn, leads to

|εL23| , |εR23| < 1.6 × 10−2 ×

∣
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∣
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∣

∣

yτ C′
eγ
22

yµ C′
eγ
33

∣

∣

∣

∣

∣

∣

. (2.10)

In absence of a direct experimental constraint on the anomalous magnetic moment of the

τ lepton, the normalisation of the bounds in Eq. (2.10) has been chosen following the natural

expectation

|C′
eγ
33

|/yτ ∼ |C′
eγ
22

|/yµ . (2.11)

3 RG evolution of the leptonic dipoles in the SMEFT

In this section we analyse how the low-energy constraints derived before translate into high-

scale constraints. To this purpose, we consider all possible d = 6 operators with the same

leptonic flavour structure, i.e. operators of the type

$rΓ(A,H,ψ)es , $r ≡





νLr

eLr



 , es ≡ eRs . (3.1)

Those operators undergo a non-trivial mixing together with the dipole operators and/or the

Yukawa couplings. On the other hand, we can safely ignore operators with a different flavour

structure since either they do not mix with dipole (or Yukawa) operators or they provide only

a trivial multiplicative renormalisation.

Adopting the SMEFT Warsaw basis [32] for the d = 6 effective operators, the list of

relevant terms can be decomposed as

∆Lunbroken = ∆LH +∆L4f + h.c. , (3.2)

where

∆LH = −[Ye]pr($per)H + CeH
pr
($per)H(H†H)

+CeB
pr
($pσ

µνer)HBµν + CeW
pr
($pσ

µνer)τ
IHW I

µν , (3.3)

∆L4f = C(3)
lequ
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($
j
pσµνer)εjk(q

k
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µνut) + C(1)
lequ
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($
j
per)εjk(q
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+Cledq
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($
j
per)(dsqtj) . (3.4)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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Beyond tree-level
✦ Other operators contribute to g-2 at one loop:

�27

ℒ = CeB

Λ2 (ℓ̄LσμνeR) H Bμν + CeW

Λ2 (ℓ̄LσμνeR)τI H WI
μν +

CqT

Λ2 (ℓ̄LσμνeR) ϵ (q̄LσμνuR)

(+ other effects suppressed by yµ)

Δaμ ≃
4mμv
eΛ2 (Ceγ(mμ) − 3α

2π
c2

W − s2
W

sWcW
CeZ log Λ

mZ
) − ∑

q=c,t

4mμmq

π2

CTq

Λ2 log Λ
mq

≈ (250 TeV
Λ2 )

2
(Ceγ − 0.2CTt − 0.001CTc − 0.05CeZ)

Including 1-loop running:

C!
eγ

!L

!̄R

γ

v

!L

!̄R

γZ

C!
eZ

v !L

!̄R

γC!q
T

q = t, c

v

!L

!̄R

γ

h

C!
eγ

!L

!̄R

Z

h

C!
eZ

!L

!̄R

q

q̄

C!q
T

g-2

C!
eγ

!L

!̄R

γ

v

!L

!̄R

γZ

C!
eZ

v !L

!̄R

γC!q
T

q = t, c

v

!L

!̄R

γ

h

C!
eγ

!L

!̄R

Z

h

C!
eZ

!L

!̄R

q

q̄

C!q
T

ColliderFull set of operators 
can be probed  
at high energy

μ+μ− → hγ
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Connection with Muon collider

Beyond tree-level
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�27

ℒ = CeB

Λ2 (ℓ̄LσμνeR) H Bμν + CeW

Λ2 (ℓ̄LσμνeR)τI H WI
μν +

CqT

Λ2 (ℓ̄LσμνeR) ϵ (q̄LσμνuR)

(+ other effects suppressed by yµ)

Δaμ ≃
4mμv
eΛ2 (Ceγ(mμ) − 3α

2π
c2

W − s2
W

sWcW
CeZ log Λ

mZ
) − ∑

q=c,t

4mμmq

π2

CTq

Λ2 log Λ
mq

≈ (250 TeV
Λ2 )

2
(Ceγ − 0.2CTt − 0.001CTc − 0.05CeZ)

Including 1-loop running:

C!
eγ

!L

!̄R

γ

v

!L

!̄R

γZ

C!
eZ

v !L

!̄R

γC!q
T

q = t, c

v

!L

!̄R

γ

h

C!
eγ

!L

!̄R

Z

h

C!
eZ

!L

!̄R

q

q̄

C!q
T

g-2

C!
eγ

!L

!̄R

γ

v

!L

!̄R

γZ

C!
eZ

v !L

!̄R

γC!q
T

q = t, c

v

!L

!̄R

γ

h

C!
eγ

!L

!̄R

Z

h

C!
eZ

!L

!̄R

q

q̄

C!q
T

ColliderFull set of operators 
can be probed 
at high energy

μ+μ− → hγ
μ+μ− → hZ
μ+μ− → qq̄

B, Paradisi 2012.02769

⇤ � v : the muon g-2 in the Standard Model EFT [Buttazzo and P.P., ’20 ]

• SMEFT Lagrangian relevant for �a`
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. 1/16⇡2 implying ⇤ . 20 TeV maybe within the

direct production reach of a very high-energy Muon Collider
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Beyond tree-level
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Connecting (g � 2)µ with high-energy processes [Buttazzo and P.P., ’20 ]

• SMEFT Lagrangian relevant for �a`
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Figure: Connection between the Feynman diagrams for leptonic g-2 (upper row) and
high-energy scattering processes (lower row) within the SMEFT: H = v + h/
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• At high energy �µµ!f can compete with �aµ to test the very same NP!
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At high energy σμμ→f can compete with ∆aμ to test the very same NP
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The parameters εL(R)
23 can be constrained by the bounds on radiative LFV decays of the

τ lepton. In particular, B(τ± → µ±γ) < 4.4 × 10−8 (90% CL) as measured by the BaBar

experiment [31] implies

|C′
eγ

23(32)

| < 2.7× 10−6 TeV−2 (2.9)

that, in turn, leads to

|εL23| , |εR23| < 1.6 × 10−2 ×

∣

∣

∣

∣

∣

∣

yτ C′
eγ
22

yµ C′
eγ
33

∣

∣

∣

∣

∣

∣

. (2.10)

In absence of a direct experimental constraint on the anomalous magnetic moment of the

τ lepton, the normalisation of the bounds in Eq. (2.10) has been chosen following the natural

expectation

|C′
eγ
33

|/yτ ∼ |C′
eγ
22

|/yµ . (2.11)

3 RG evolution of the leptonic dipoles in the SMEFT

In this section we analyse how the low-energy constraints derived before translate into high-

scale constraints. To this purpose, we consider all possible d = 6 operators with the same

leptonic flavour structure, i.e. operators of the type

$rΓ(A,H,ψ)es , $r ≡





νLr

eLr



 , es ≡ eRs . (3.1)

Those operators undergo a non-trivial mixing together with the dipole operators and/or the

Yukawa couplings. On the other hand, we can safely ignore operators with a different flavour

structure since either they do not mix with dipole (or Yukawa) operators or they provide only

a trivial multiplicative renormalisation.

Adopting the SMEFT Warsaw basis [32] for the d = 6 effective operators, the list of

relevant terms can be decomposed as

∆Lunbroken = ∆LH +∆L4f + h.c. , (3.2)

where

∆LH = −[Ye]pr($per)H + CeH
pr
($per)H(H†H)

+CeB
pr
($pσ

µνer)HBµν + CeW
pr
($pσ

µνer)τ
IHW I

µν , (3.3)

∆L4f = C(3)
lequ
prst

($
j
pσµνer)εjk(q

k
sσ

µνut) + C(1)
lequ
prst

($
j
per)εjk(q

k
sut)

+Cledq
prst

($
j
per)(dsqtj) . (3.4)

4
μEW

μNP

New physics

is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�

LR

=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
ee

C
0
e�
eµ

C
0
e�
e⌧

C
0
e�
µe

C
0
e�
µµ

C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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From here on, the discussion is EFT-based and focus on LEFT dipole operator
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Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis
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is the geometric symmetry of the torus T 2 as well as the orbifold T
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2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy
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where ⇤ is a certain mass scale of NP in the e↵ective theory.

In the following discussions, we take the A4 modular symmetry for leptons. Most of modular

flavor models are supersymmetric models. Since we study the model below the supersymmetry

breaking scale, the light modes are exactly the same as the SM with two doublet Higgs models.

Note that the modular symmetry is still a symmetry of the low-energy e↵ective action below

the supersymmetry breaking scale, as confirmed in the moduli-mediated supersymmetry breaking

scenario.

3.1 Representation of charged leptons in A4 modular invariant model

We take a simple A4 modular-invariant flavor model of leptons, which is successful in reproducing

neutrino masses and mixing angles, as shown explicitly in Appendix C. In the model, the left-

handed charged leptons compose a A4 triplet 3 and the three right-handed ones are A4 three
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4

Dipole operator



is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�

LR

=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
ee

C
0
e�
eµ

C
0
e�
e⌧

C
0
e�
µe

C
0
e�
µµ

C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].

3

             e μ τ
  e

μ

τ

Lepton flavor structure from , LFV and EDM(g − 2)ℓ

ER EL

Fμν

NP

is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�

LR

=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
ee

C
0
e�
eµ

C
0
e�
e⌧

C
0
e�
µe

C
0
e�
µµ

C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].

3

where EL and ER denote three flavors of left-handed and right-handed leptons, respectively, and v

denotes the vacuum expectation value (VEV) of the Higgs field H. Here the prime of the Wilson

coe�cient indicates the flavor basis corresponding to the mass-eigenstate basis of charged leptons.

The relevant e↵ective Lagrangian is written as:

Ldipole =
1

⇤2

✓
C
0
e�

LR

Oe�

LR

+ C
0
e�

RL

Oe�

RL

◆
, (3.2)

where ⇤ is a certain mass scale of NP in the e↵ective theory.

In the following discussions, we take the A4 modular symmetry for leptons. Most of modular

flavor models are supersymmetric models. Since we study the model below the supersymmetry

breaking scale, the light modes are exactly the same as the SM with two doublet Higgs models.

Note that the modular symmetry is still a symmetry of the low-energy e↵ective action below

the supersymmetry breaking scale, as confirmed in the moduli-mediated supersymmetry breaking

scenario.

3.1 Representation of charged leptons in A4 modular invariant model

We take a simple A4 modular-invariant flavor model of leptons, which is successful in reproducing

neutrino masses and mixing angles, as shown explicitly in Appendix C. In the model, the left-

handed charged leptons compose a A4 triplet 3 and the three right-handed ones are A4 three

di↵erent singlets. Then, those are expressed as follows:

EL =

0

@
eL

µL

⌧L

1

A , ĒL =
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ēL

⌧̄L

µ̄L

1

A , (ec
R
, µ

c

R
, ⌧

c

R
) = (1, 100, 10) , (eR, µR, ⌧R) = (1, 10, 100) . (3.3)

It is noticed that leptons of second and third families are exchanged each other in ĒL. As seen
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value of Eq.(A.2), the real part of the Wilson coe�cient of the muon C
0
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has been obtained as

seen in Eq.(A.4) [19]. Now, we can estimate the magnitude of the electron (g � 2)e anomaly by

using the relation in Eq.(4.1) as:
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where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give

a
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, (4.3)

while the SM prediction crucially depends on the input value for the fine-structure constant ↵.

Two latest determination [163,164] based on Cesium and Rubidium atomic recoils di↵er by more

than 5�. Those observations lead to the di↵erence from the SM prediction
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Our predicted value is small of one order compared with the present observed one at present. We

wait for the precise observation of the fine structure constant to test our framework.

4.2 (g � 2)µ and µ ! e�
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+
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of the muon (g � 2)µ and the LFV process µ ! e� by using the Wilson coe�cients in Eqs.(3.18)

and (3.19). The ratio is given as:
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Let us introduce small parameters �↵, �� and �� as follows:
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The limit on aτ improves the current PDG limit [21] based on the L3 result [14].

Figure 9 shows the the measured cross-section, average LEP2 cross-section and SM
expectation as a function of

√
s. Two bands superimposed on the plot represent the

allowed region for the cross-section variation due to anomalous magnetic and electric
dipole moments. The results expressed in the form of central value and error are the
following:

aτ = −0.018± 0.017,
dτ = (0.0± 2.0) · 10−16 e · cm.

7 Conclusion

We have studied the reaction e+e− → e+e−τ+τ− with the data collected with the
DELPHI detector during LEP2 operation in the years 1997-2000. The average LEP2
cross-section was found to be 429±17 pb compared to 447.7 pb expected from the Stan-
dard model. The measured/predicted ratio 0.96±0.04 agrees with the QED prediction
at the level of one standard deviation. The measured cross-sections were used to extract
limits on the anomalous magnetic and electric dipole moments of the tau lepton. The
95% CL limits obtained are

−0.052 < aτ < 0.013
|dτ | < 3.7 · 10−16 e · cm.
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Fig. 3. Spin precession in the g − 2 ring (∼ 12◦/circle).

Note that in higher orders the form factors in general aquire an imaginary part. One may therefore write
an effective dipole moment Lagrangian with complex “coupling”

LDM
eff = −1

2

{

ψ̄ σµν

[

Dµ
1 + γ5

2
+ D∗

µ
1 − γ5

2

]

ψ

}

Fµν (21)

with ψ the muon field and

Re Dµ = aµ
e

2mµ
, Im Dµ = dµ =

ηµ

2

e

2mµ
. (22)

Thus the imaginary part of FM(0) corresponds to an electric dipole moment. The latter is non–vanishing
only if we have T violation. The existence of a relatively large EDM would also affect the extraction of aµ.
This will be discussed towards the end of the next section.

2. The Muon g − 2 Experiments

2.1. The Brookhaven Muon g − 2 Experiment

The measurement of aµ in principle is simple. As illustrated in Fig. 3, when polarized muons travel on a
circular orbit in a constant magnetic field, then aµ is responsible for the Larmor precession of the direction
of the spin of the muon, characterized by the angular frequency %ωa. Correspondingly, the principle of the
BNL muon g − 2 experiment involves the study of the orbital and spin motion of highly polarized muons in
a magnetic storage ring. This method has been applied in the last CERN experiment [91] already. The key
improvements of the BLN experiment include the very high intensity of the primary proton beam from the
proton storage ring AGS (Alternating Gradient Synchrotron), the injection of muons instead of pions into
the storage ring, and a super–ferric storage ring magnet [92] (see also the reviews [23,28,33,34,43]).

The muon g − 2 experiment at Brookhaven works as illustrated in Fig. 4 [93,94,95]. Protons of energy
24 GeV from the AGS hit a target and produce pions. The pions are unstable and decay into muons plus
a neutrino where the muons carry spin and thus a magnetic moment which is directed along the direction
of the flight axis. The longitudinally polarized muons from pion decay are then injected into a uniform
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Im

Im

EDM  dμ

Lepton flavor violation
,  ,  μ → eγ μ → 3e μN → eN

where de = de(µ = me). Therefore, the EDM of the electron is extracted from the e↵ective

Lagrangian

LEDM =
1

⇤2
C
0
e�
ee

Oe�

LR

=
1

⇤2
C
0
e�
ee

v
p
2
eL�

µ⌫
eRFµ⌫ , (4.24)

which leads to

de = �
p
2

v

⇤2
Im [C 0

e�
ee

] , (4.25)

at tree level, where the small e↵ect of running below the electroweak scale is neglected. The

experimental upper bound in Eq.(4.21) leads to:

1

⇤2
Im [C 0

e�
ee

] < 1.6⇥ 10�12 TeV�2
, (4.26)

and it may be compared with its real part of

1

⇤2
Re [C 0

e�
ee

] = 4.9⇥ 10�8 TeV�2
, (4.27)

which is derived by Eqs.(4.1) and (A.4). What is the origin of the tiny imaginary part of C 0
e�
ee

? The

coe�cient C 0
e�
ee

in Eq.(3.19) is rewritten in a term of small parameter �� likewise Eq.(4.6)

C
0
e�
ee

= 3 (1�
p
3)�̃e|✏

⇤
1| = 3 (1�

p
3)�̃e(m)(1 + ��)|✏

⇤
1| , (4.28)

where �e(m) is taken to be real positive by the redefinition of the right-handed charged lepton field

in order to reproduce real positive charged lepton mass. However, ��, which is originated from the

unknown mode of m, is complex in general. The small parameter �� could be related to both the

µ ! e� transition and the electron EDM. Eqs.(4.10) and (4.28) lead to

Im [C 0
e�
ee

] ' 3 (1�
p
3)�̃e(m)(Im ��)|✏

⇤
1| , C

0
e�
µe

'
3

2
(1�

p
3)�̃e(m)(�� � �↵) . (4.29)

Putting the constraints of experiments in Eqs.(4.21) and (4.27), we obtain

Im [C 0
e�
ee

]

Re [C 0
e�
ee

]
' (Im ��) <

1.6⇥ 10�12

4.9⇥ 10�8
= 3.3⇥ 10�5

. (4.30)

Suppose |Im ��| ' |��| and |�↵| ' |��| (or |�↵| ⌧ |��| ), then, this bound is stronger than 1.4⇥10�3

from the µ ! e� in Eq.(4.7). Indeed, the upper bound of the electron EDM forces the branching

ratio of µ ! e� to be B(µ+
! e

+
�) < 2.3⇥ 10�16.

The muon and the tauon EDM may be interesting in high-energy model building [173]. We

can also estimate them by using Eq.(3.19). It is easily found that the predicted value increases

at most proportional to its mass. The muon EDM is predicted to be far smaller than the present

upper bound [174].
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and µH(L) denotes the higher (lower) mass scale. The coe�cient in front of Cledq is numerically

small. The coe�cients CeH controls the µ–e flavor violating coupling of the physical Higgs boson,

which is tightly constrained by other observables [168,169] and can be safely ignored in the present

analysis.

Finally, approximate evolutions are obtained as follows:

Ce�
rs
(µL) = [1� 3L̂(y2

t
+ y

2
b
)] Ce�

rs
(µH)� 16L̂yte C

(3)
`equ

rs33

(µH) ,

[Ye]rs(µL) = [Ye]rs(µH) + 6
v
2

⇤2
L̂y

3
t
C

(1)
`equ

rs33

(µH) . (4.19)

It is emphasized that the leptonic flavor structures of C(3)
`equ

rs33

(µH) and C
(1)
`equ

rs33

(µH) are just the same

ones as Ce�
rs
(µH) because these Wilson coe�cients of the 4-fermion operator are written by a

product of 3-point coupling of leptons and that of quarks in our Ansatz Eq.(2.1). Therefore, the

RG contributions do not change the flavor structure of Ce�
rs
(µH) apart from the overall factor at

low-energy.

On the other hand, [Ye]rs(µL) has non-trivial RG contribution to the flavor structure due

to C
(1)
`equ

rs33

(µH), which has the same flavor structure of Ce�
rs
(µH). If magnitudes of C(1)

`equ

rs33

(µH) and

C
(3)
`equ

rs33

(µH) are comparable, we have the relation by using the numerical value of (A.4),

�������

6 v
2

⇤2 L̂y
3
t
C

(1)
`equ

rs33

(µH)

mµ/v

�������
' 10�3

⇥

�������

16L̂yte C
(3)
`equ

rs33

(µH)

Ce�
µµ
(µL)

�������
, (4.20)

where both sides denote relative contributions of the RG versus diagonal (2,2) components of

Ce�
rs
(µL) and [Ye]rs(µL), respectively. Thus, the impact of the term 6v2L̂y3

t
C

(1)
`equ

rs33

(µH) on the flavor

structure is minor in Eq.(4.19) as far as the RG terms are next-to-leading ones. Therefore, our

numerical result in section 4 is still available even if the RG e↵ect is included.

4.4 EDM of the electron

The current experimental limit for the electric dipole moment of the electron is given by ACME

collaboration [170]:

|de/e| . 1.1⇥ 10�29 cm = 5.6⇥ 10�13 TeV�1
, (4.21)

at 90% confidence level. Precise measurements of the electron EDM are rapidly being updated.

The future sensitivity at ACME III is [171, 172]:

|de/e| . 0.3⇥ 10�30 cm = 1.5⇥ 10�14 TeV�1
. (4.22)

The EDM of the electron de is defined in the operator:

Oedm = �
i

2
de(µ) e�

µ⌫
�5eFµ⌫ , (4.23)
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use U(2) relation, we get
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⇤2
Re [C 0

e�
ee

] ⇡ 5⇥ 10�8TeV�2 (3.28)

�ae = �aµ
me

mµ

Re C 0
e�
ee

Re C 0
e�
µµ

⇡ �aµ ⇥
✓
me

mµ

◆2

⇠ 5.7⇥ 10�14 (3.29)

⌧ ! µ�

������

C 0
e�

µ⌧(⌧µ)

C 0
e�
⌧⌧

������
< 1.6⇥ 10�2 ⇥

������

y⌧ C 0
e�
µµ

yµ C 0
e�
⌧⌧

������
(3.30)

natural expectation
|C 0

e�
⌧⌧

|/y⌧ ⇠ |C 0
e�
µµ

|/yµ (3.31)

|✏L23| , |✏R23| < 1.6⇥ 10�2 ⇥

������

y⌧ C 0
e�
22

yµ C 0
e�
33

������
(3.32)

Modular

������

C 0
e�
ee

C 0
e�
µµ

������
= 2

�̃e

↵̃e

|✏⇤1| ⇡
me

mµ

' 4.9⇥ 10�3 (3.33)

' Im�↵ (3.34)
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(g − 2)μ
Re

EDM  dμ

dℓ

dℓ′ 

= mℓ

mℓ′ 

Naive scaling
me

mμ
∼ 5 × 10−3



Lepton flavor violation

Highly suppressed in SM+  by GIM mechanism due to the smallness of  mν mν

 searched by MEG,   searched by Belle IIμ → eγ τ → ℓγ

→ Good probe for NP

∼ &(10−54)

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Table 1. Relevant observables and the corresponding values of Wilson coefficients, which are presented in
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Inputting the experimental upper-bound of the electron EDM in Eq. (3) [17], we obtain the

constraint of the Wilson coefficient:
1

⇤2
Im [C

0
e�
ee

] < 1.8⇥ 10
�13

TeV
�2 . (18)

On the other hand, the experimental upper-bound of the muon EDM in Eq. (4) gives:

1

⇤2
Im [C

0
e�
µµ

] < 7.9⇥ 10
�3

TeV
�2 . (19)
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Using these bounds of Wilson coefficients, we analyze the U(2) flavor model in the next section.
These data are listed in Table 1.
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2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].
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See also [153–156].
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 muon ,  EDM  (g − 2)μ dμ

, τ → μγ τ → 3μ

τ → eγ
 electron ,  EDM  (g − 2)e de

Lepton flavor violation
,  ,  μ → eγ μ → 3e μN → eN

 tau , ,  EDM  (g − 2)τ dτ

Lepton flavor structure from , LFV and EDM(g − 2)ℓ

once we introduce NP operator with flavor index, other flavor observables are 
also introduced 

diagonal elements → g-2 and EDM 
off diagonal elements → Lepton flavor violation



we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.

Acknowledgement
This work was supported by JSPS KAKENHI Grant Numbers JP20K14477 (HO), and JP21K13923

(KY).

Appendix
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We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].
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�aµ =
4mµ

e

v
p
2

1

⇤2
Re [C 0

e�
µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to
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The one-loop relation can be found in [175].
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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Taking into account Eqs. (A.4) and (A.6), we have the ratio:
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B A4 modular symmetry

B.1 Modular flavor symmetry

We briefly review the models with A4 modular symmetry. The modular group �̄ is the group of

linear fractional transformations � acting on the modulus ⌧ , belonging to the upper-half complex

plane as:

⌧ �! �⌧ =
a⌧ + b

c⌧ + d
, where a, b, c, d 2 Z and ad� bc = 1, Im[⌧ ] > 0 , (B.1)

which is isomorphic to PSL(2,Z) = SL(2,Z)/{I,�I} transformation. This modular transforma-

tion is generated by S and T ,
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which satisfy the following algebraic relations,
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For N = 2, we define �̄(2) ⌘ �(2)/{I,�I}. Since the element �I does not belong to �(N) for

N > 2, we have �̄(N) = �(N). The quotient groups defined as �N ⌘ �̄/�̄(N) are finite modular

groups. In these finite groups �N , TN = I is imposed. The groups �N with N = 2, 3, 4, 5 are

isomorphic to S3, A4, S4 and A5, respectively [31].

Modular forms fi(⌧) of weight k are the holomorphic functions of ⌧ and transform as

fi(⌧) �! (c⌧ + d)k⇢(�)ijfj(⌧) , � 2 �̄ , (B.5)
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an
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5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.
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where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate
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is the geometric symmetry of the torus T 2 as well as the orbifold T
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2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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The parameters εL(R)
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2. Recalling that the trans-
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the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-
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n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are
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is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional
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We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us
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, τ → μγ τ → 3μ

τ → eγ
 electron (g − 2)e

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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value of Eq.(A.2), the real part of the Wilson coe�cient of the muon C
0
e�
µµ

has been obtained as

seen in Eq.(A.4) [19]. Now, we can estimate the magnitude of the electron (g � 2)e anomaly by

using the relation in Eq.(4.1) as:

�ae =
4me

e

v
p
2

1

⇤2
Re [C 0

e�
ee

] ' 5.8⇥ 10�14
, (4.2)

where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give

a
Exp
e

= 1159 652 180.73(28)⇥ 10�12
, (4.3)

while the SM prediction crucially depends on the input value for the fine-structure constant ↵.

Two latest determination [163,164] based on Cesium and Rubidium atomic recoils di↵er by more

than 5�. Those observations lead to the di↵erence from the SM prediction

�a
Cs

e
= a

Exp
e

� a
SM,CS
e

= (�8.8± 3.6)⇥ 10�13
,

�a
Rb

e
= a

Exp
e

� a
SM,Rb
e

= (4.8± 3.0)⇥ 10�13
. (4.4)

Our predicted value is small of one order compared with the present observed one at present. We

wait for the precise observation of the fine structure constant to test our framework.

4.2 (g � 2)µ and µ ! e�

The NP in the LFV process is severely constrained by the experimental bound B(µ+
! e

+
�) <

4.2 ⇥ 10�13 in the MEG experiment [165]. We can discuss the correlation between the anomaly

of the muon (g � 2)µ and the LFV process µ ! e� by using the Wilson coe�cients in Eqs.(3.18)

and (3.19). The ratio is given as:

������

C
0
e�
eµ

C 0
e�
µµ

������
=

�̃e

↵̃e

�����1�
↵̃e

↵̃e(m)

�̃e(m)

�̃e

����� . (4.5)

Let us introduce small parameters �↵, �� and �� as follows:

�̃e

�̃e(m)

=
�̃e(m) + c�

�̃e(m)

= 1 +
c�

�̃e(m)

⌘ 1 + �� ,

↵̃e

↵̃e(m)
=

↵̃e(m) + c↵

↵̃e(m)
= 1 +

c↵

↵̃e(m)
⌘ 1 + �↵ ,

�̃e

�̃e(m)
=

�̃e(m) + c�

�̃e(m)
= 1 +

c�

�̃e(m)
⌘ 1 + �� , (4.6)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�

LR

=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
ee

C
0
e�
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C
0
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e⌧

C
0
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C
0
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C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].

3

Two determination of the fine structure 
constant
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From B(⌧± ! µ±�) < 4.4⇥ 10�8 (90% CL) as measured by the BaBar experiment
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3

where de = de(µ = me). Therefore, the EDM of the electron is extracted from the e↵ective

Lagrangian

LEDM =
1

⇤2
C
0
e�
ee

Oe�

LR

=
1

⇤2
C
0
e�
ee

v
p
2
eL�

µ⌫
eRFµ⌫ , (4.24)

which leads to

de = �
p
2

v

⇤2
Im [C 0

e�
ee

] , (4.25)

at tree level, where the small e↵ect of running below the electroweak scale is neglected. The

experimental upper bound in Eq.(4.21) leads to:

1

⇤2
Im [C 0

e�
ee

] < 1.6⇥ 10�12 TeV�2
, (4.26)

and it may be compared with its real part of

1

⇤2
Re [C 0

e�
ee

] = 4.9⇥ 10�8 TeV�2
, (4.27)

which is derived by Eqs.(4.1) and (A.4). What is the origin of the tiny imaginary part of C 0
e�
ee

? The

coe�cient C 0
e�
ee

in Eq.(3.19) is rewritten in a term of small parameter �� likewise Eq.(4.6)

C
0
e�
ee

= 3 (1�
p
3)�̃e|✏

⇤
1| = 3 (1�

p
3)�̃e(m)(1 + ��)|✏

⇤
1| , (4.28)

where �e(m) is taken to be real positive by the redefinition of the right-handed charged lepton field

in order to reproduce real positive charged lepton mass. However, ��, which is originated from the

unknown mode of m, is complex in general. The small parameter �� could be related to both the

µ ! e� transition and the electron EDM. Eqs.(4.10) and (4.28) lead to

Im [C 0
e�
ee

] ' 3 (1�
p
3)�̃e(m)(Im ��)|✏

⇤
1| , C

0
e�
µe

'
3

2
(1�

p
3)�̃e(m)(�� � �↵) . (4.29)

Putting the constraints of experiments in Eqs.(4.21) and (4.27), we obtain

Im [C 0
e�
ee

]

Re [C 0
e�
ee

]
' (Im ��) <

1.6⇥ 10�12

4.9⇥ 10�8
= 3.3⇥ 10�5

. (4.30)

Suppose |Im ��| ' |��| and |�↵| ' |��| (or |�↵| ⌧ |��| ), then, this bound is stronger than 1.4⇥10�3

from the µ ! e� in Eq.(4.7). Indeed, the upper bound of the electron EDM forces the branching

ratio of µ ! e� to be B(µ+
! e

+
�) < 2.3⇥ 10�16.

The muon and the tauon EDM may be interesting in high-energy model building [173]. We

can also estimate them by using Eq.(3.19). It is easily found that the predicted value increases

at most proportional to its mass. The muon EDM is predicted to be far smaller than the present

upper bound [174].
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and µH(L) denotes the higher (lower) mass scale. The coe�cient in front of Cledq is numerically

small. The coe�cients CeH controls the µ–e flavor violating coupling of the physical Higgs boson,

which is tightly constrained by other observables [168,169] and can be safely ignored in the present

analysis.

Finally, approximate evolutions are obtained as follows:

Ce�
rs
(µL) = [1� 3L̂(y2

t
+ y

2
b
)] Ce�

rs
(µH)� 16L̂yte C

(3)
`equ

rs33

(µH) ,

[Ye]rs(µL) = [Ye]rs(µH) + 6
v
2

⇤2
L̂y

3
t
C

(1)
`equ

rs33

(µH) . (4.19)

It is emphasized that the leptonic flavor structures of C(3)
`equ

rs33

(µH) and C
(1)
`equ

rs33

(µH) are just the same

ones as Ce�
rs
(µH) because these Wilson coe�cients of the 4-fermion operator are written by a

product of 3-point coupling of leptons and that of quarks in our Ansatz Eq.(2.1). Therefore, the

RG contributions do not change the flavor structure of Ce�
rs
(µH) apart from the overall factor at

low-energy.

On the other hand, [Ye]rs(µL) has non-trivial RG contribution to the flavor structure due

to C
(1)
`equ

rs33

(µH), which has the same flavor structure of Ce�
rs
(µH). If magnitudes of C(1)

`equ

rs33

(µH) and

C
(3)
`equ

rs33

(µH) are comparable, we have the relation by using the numerical value of (A.4),

�������

6 v
2

⇤2 L̂y
3
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`equ
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(µH)

mµ/v

�������
' 10�3

⇥

�������

16L̂yte C
(3)
`equ

rs33

(µH)

Ce�
µµ
(µL)

�������
, (4.20)

where both sides denote relative contributions of the RG versus diagonal (2,2) components of

Ce�
rs
(µL) and [Ye]rs(µL), respectively. Thus, the impact of the term 6v2L̂y3

t
C

(1)
`equ

rs33

(µH) on the flavor

structure is minor in Eq.(4.19) as far as the RG terms are next-to-leading ones. Therefore, our

numerical result in section 4 is still available even if the RG e↵ect is included.

4.4 EDM of the electron

The current experimental limit for the electric dipole moment of the electron is given by ACME

collaboration [170]:

|de/e| . 1.1⇥ 10�29 cm = 5.6⇥ 10�13 TeV�1
, (4.21)

at 90% confidence level. Precise measurements of the electron EDM are rapidly being updated.

The future sensitivity at ACME III is [171, 172]:

|de/e| . 0.3⇥ 10�30 cm = 1.5⇥ 10�14 TeV�1
. (4.22)

The EDM of the electron de is defined in the operator:

Oedm = �
i

2
de(µ) e�

µ⌫
�5eFµ⌫ , (4.23)
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where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give

a
Exp
e

= 1159 652 180.73(28)⇥ 10�12
, (4.3)

while the SM prediction crucially depends on the input value for the fine-structure constant ↵.

Two latest determination [163,164] based on Cesium and Rubidium atomic recoils di↵er by more

than 5�. Those observations lead to the di↵erence from the SM prediction

�a
Cs

e
= a

Exp
e

� a
SM,CS
e

= (�8.8± 3.6)⇥ 10�13
,

�a
Rb

e
= a

Exp
e

� a
SM,Rb
e

= (4.8± 3.0)⇥ 10�13
. (4.4)

Our predicted value is small of one order compared with the present observed one at present. We

wait for the precise observation of the fine structure constant to test our framework.

4.2 (g � 2)µ and µ ! e�

The NP in the LFV process is severely constrained by the experimental bound B(µ+
! e

+
�) <

4.2 ⇥ 10�13 in the MEG experiment [165]. We can discuss the correlation between the anomaly

of the muon (g � 2)µ and the LFV process µ ! e� by using the Wilson coe�cients in Eqs.(3.18)

and (3.19). The ratio is given as:

������

C
0
e�
eµ

C 0
e�
µµ

������
=

�̃e

↵̃e

�����1�
↵̃e

↵̃e(m)

�̃e(m)

�̃e

����� . (4.5)

Let us introduce small parameters �↵, �� and �� as follows:

�̃e

�̃e(m)

=
�̃e(m) + c�

�̃e(m)

= 1 +
c�

�̃e(m)

⌘ 1 + �� ,

↵̃e
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c↵

↵̃e(m)
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= 1 +

c�
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⌘ 1 + �� , (4.6)
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
Exp
µ

� a
SM
µ

= (251± 59)⇥ 10�11
. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is

�aµ =
4mµ

e

v
p
2

1

⇤2
Re [C 0

e�
µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2
. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is

B(`r ! `s�) =
m

3
`r
v
2

8⇡�`r

1

⇤4

✓
|C

0
e�
rs

|
2 + |C

0
e�
sr

|
2

◆
. (A.5)

6
The one-loop relation can be found in [175].
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FNAL, BNL

Re

Re

Re

Im

predict dµ

|dµ/e| . 10�26 cm (3.26)

electron (g � 2)e

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2 . (3.27)

use U(2) relation, we get
1

⇤2
Re [C 0

e�
ee

] ⇡ 5⇥ 10�8TeV�2 (3.28)

�ae = �aµ
me

mµ

Re C 0
e�
ee

Re C 0
e�
µµ

⇡ �aµ ⇥
✓
me

mµ

◆2

⇠ 5.7⇥ 10�14 (3.29)

⌧ ! µ�

������

C 0
e�

µ⌧(⌧µ)

C 0
e�
⌧⌧

������
< 1.6⇥ 10�2 ⇥

������

y⌧ C 0
e�
µµ

yµ C 0
e�
⌧⌧

������
(3.30)

natural expectation
|C 0

e�
⌧⌧

|/y⌧ ⇠ |C 0
e�
µµ

|/yµ (3.31)

|✏L23| , |✏R23| < 1.6⇥ 10�2 ⇥

������

y⌧ C 0
e�
22

yµ C 0
e�
33

������
(3.32)

Modular

������

C 0
e�
ee

C 0
e�
µµ

������
= 2

�̃e

↵̃e

|✏⇤1| ⇡
me

mµ

' 4.9⇥ 10�3 (3.33)

' Im�↵ (3.34)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�

LR

=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
ee

C
0
e�
eµ

C
0
e�
e⌧

C
0
e�
µe

C
0
e�
µµ

C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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 muon ,  EDM  (g − 2)μ dμ

Lepton flavor violation
,  ,  μ → eγ μ → 3e μN → eN

, τ → μγ τ → 3μ

τ → eγ
 electron ,  EDM  (g − 2)e de

 tau , ,  EDM  (g − 2)τ dτ

NP
realize muon  anomaly   

satisfy constraint from LFV

(g − 2)μ

might be controlled by flavor symmetry

( need strong flavor alignment

Lepton flavor structure from , LFV and EDM(g − 2)ℓ



Introduction of muon g-2 

New physics interpretation of muon g-2 

Flavor symmetry and muon g-2 

Summary

Outline

Review, see e.g. Peskin



Flavor physics play a role of 

probing NPidentify origin of flavor puzzle

Flavor symmetry

    The SM flavor problem

                Mu,d,e ∼ ( )
The origin of flavor 
3 generations
hierarchical structure

No significant NP signal
→ NP have highly non-
generic flavor structure

Flavor symmetry would play an important role both in the SM and NP

NP flavor problem

see next

Flavor symmetry

Connect SM mistery
→ flavor symmetry



NP Flavor Problem

Theoretical arguments based on the hierarchy problem  
→ TeV scale NP

The measurements of quark flavor-violating 
observables show a remarkable overall success of 
the SM 

ℒeff = ℒSM + ∑
i

Ci

Λ2 &d=6
i (NP)

|CNP | ∼ 1

Indirect searches with FCNCs (Flavour Changing Neutral Currents)

�F lavour = 2 i.e meson mixing

W W

qi

qi

qj

qj

q0

q0

SM : e.g. NP :
qi

qi

qj

qj

Z 0

⌫

�



�
Model-independent descr.:

H
NP

e↵
3

CNP
⇤2
NP

q̄i�qj q̄i�0qj

�(0) = �µPL,R , PL,R , . . .

for |CNP| ⇠ 1 =) ⇤NP

���
@end LHC

⇠

8
<

:

500 TeV : Bs

2000 TeV : Bd

104�105 TeV : K0

probe zeptometer scales (1/200TeV ' 10�21m),

but structure of NP hidden

(CKMFitter; 1309.2293)

(UTFit; 0707.0636)

�F lavour = 1 e.g. rare decays

qi qj

⌫, `

⌫, `Z

qi qj

⌫, `

⌫, `
Z 0

q̃

W̃

Potential access to ±CL,R
NP q̄i�PL,Rqj , . . .

! disentangle NP structure

(B ! K⇤µ̄µ prime example; talks this morning)

K ! ⇡⌫⌫ in the Standard Model and Beyond Rob Knegjens (TUM-IAS) 3

ΛNP ∼

New flavor-breaking sources of O(1) at the TeV scale are definitely excluded 

if we insist with the theoretical prejudice that NP has to emerge in the TeV region, we 
have to conclude that NP have a highly non-generic flavor structure

Flavor symmetry



From MFV to U(2)5

MFV virtue MFV main problem

No explanation for Yukawa hierarchies 
(masses and mixing angles) 

- The exact symmetry limit is good starting point for the SM quark spectrum     
(   &  ) ⇒  we only need small breaking terms mu, md, mc, ms = 0 VCKM = 1

- acting on 1st & 2nd generations only

  flavor symmetryU(3)5 = U(3)QL
× U(3)uR

× U(3)dR
× U(3)LL

× U(3)eR

- Largest flavor symmetry group compatible with the SM gauge symmetry

- MFV = minimal breaking of  by SM Yukawa couplingsU(3)5

Naturally small effects in FCNC 
observables assuming TeV-scale NP

  flavor symmetryU(2)5 = U(2)QL
× U(2)uR

× U(2)dR
× U(2)LL

× U(2)eR



 flavor symmetryU(2)5

The symmetry is good approximation in the SM Yukawa

exact symmetry for   &  mu, md, mc, ms = 0 VCKM = 1

⇒  we only need small breaking terms 

 symmetry gives “natural” explanation of why 3rd Yukawa couplings are largeU(2)5

acting on 1st & 2nd generations only

 3rd Yukawa coupling is allowed by the symmetry

 = ( 1, 2, 3)

singlet SU(2) doublet

Barbieri, Isidori, Jones-Perez, 
Lodone, Straub [1105.2296]

 The SM flavor puzzle

                Mu,d,e ∼ ( )
Mass :  3rd > 2nd > 1st

                VCKM ∼ ( )

Almost diagonal CKM matrix 

U(2) breaking terms allowed by U(2)

 Naturally small effects in FCNC observables assuming TeV-scale NP



 flavor symmetryU(2)5

Unbroken symmetry

U(2)q

Under  symmetryU(2)3 = U(2)Q × U(2)uR
× U(2)dR

The quarks fields are not triplet anymore (all flavours together) but transform

under GF as

Q(2)
= (Q1, Q2

)≥ (2, 1, 1) Q3
≥ (1, 1, 1) (2)

u(2)
= (u1, u2

) ≥ (1, 2, 1) t ≥ (1, 1, 1) (3)

d(2)
= (d1, d2

) ≥ (1, 1, 2) b ≥ (1, 1, 1) (4)

The only term allowed in the limit of unbroken symmetry is

ytQ
3tHc

(5)

While this term clearly break a U(1) symmetry, it is not clear to me whether

U(1)Q3+t still belongs to GF or both U(1)t and U(1)Q3 are given up on.

Mass spurions We can introduce three breaking spurions

V ≥ (2, 1, 1) (6)

�Yu ≥ (2, 2̄, 1) (7)

�Yd ≥ (2, 1, 2̄) (8)

that enters the Yukawa as

Yu = yt

A
�Yu xtV

0 1

B

Yd = yb

A
�Yd xbV

0 1

B

(9)

We can now parametrise our spurions. The leading spurion V can be written

as

V = ‘UV ŝ2 ŝ2 =

A
0

1

B

(10)

where UV is a 2 ◊ 2 special unitary matrix and ‘ is a real parameter of order

O(|Vcb| ¥ 4 ◊ 10
≠2

). The other spurions can be written as

�Yu = U †
Qu

�yuUu (11)

�Yd = U †
Qd

�ydUd (12)

where �yu =diag(⁄u1 , ⁄u2) and �yd =diag(⁄d1 , ⁄d2) and the U ’s are 2 ◊ 2

unitary matrices. By construction ⁄d2 ¥ ms/mb = O(‘) and similarly ⁄d1 ¥

md/mb, ⁄u1 ¥ mu/mt, ⁄u2 ¥ mc/mt . To understand the number of degrees

of freedom, we observe that the most general �Y has 2 ◊ 4 = 8 parameters,

2

 = ( 1, 2, 3)

singlet SU(2) doublet

Barbieri, Isidori, Jones-Perez, 
Lodone, Straub [1105.2296]

=




Ceγ

∆ ceδ′e −Ceγ
∆ seδe 0

seδ′e(C
eγ
∆ + Ceγ

V V∆ε
2
") ceδe(C

eγ
∆ + Ceγ

V V∆ε
2
") (Ceγ

V ε" + Ceγ
V V V ε

3
")

Ceγ
V∆(seε"δ

′
e) Ceγ

V∆(ceε"δe) Ceγ + Ceγ
V V ε

2
"





LR

, (25)

where Ceγ, Ceγ
∆ , Ceγ

V , Ceγ
V∆, Ceγ

V V∆ and Ceγ
V V V are also complex parameters of order 1. Since the

Wilson coefficients in Eq. (9) are written in the mass-eigenstate basis of the charged leptons, the
matrix Xeγ in Eq.(25) should be transformed into the diagonal basis of Y in Eq.(24).

The eigenvalues of Yukawa matrix Y in Eq.(24) (ye " yµ " yτ ) are obtained by solving the
eigenvalue equation. For the determinant and trace of Y Y †, one finds in the leading order:

Det [Y Y †] = y2e y
2
µ y

2
τ # Y 6

0 |Cy
∆|4 |Cy|2 c4e δ2e δ′e

2 ,

Tr [Y Y †] = y2e + y2µ + y2τ # Y 2
0 |Cy|2 , (26)

where δe and δ′e are much smaller than 1 to reproduce the charged lepton mass hierarchy. An
expression for y2µy2τ is given by the determinant of the 2-3 submatrix:

y2µ y
2
τ # Y 4

0 |Cy
∆|2 |Cy|2 c2e δ2e . (27)

Then, one gets

y2τ # Y 2
0 |Cy|2 , y2µ # Y 2

0 |Cy
∆|2c2e δ2e , y2e # Y 2

0 |Cy
∆|2c2e δ′e

2 , (28)

which lead to
y2e
y2µ

# δ′e
2

δ2e
,

y2µ
y2τ

# δ2e
|Cy

∆|2
# δ2e . (29)

These ratios indicate δe $ δ′e to reproduce the Yukawa hierarchy of the charged leptons. Especially,
y2e/y

2
µ is independent of other coefficients of order one.

The neutrino mass matrix was given in U(2) flavor model to reproduce observed large mixing
angles of leptons in view of quark-lepton unification [58–60]. Also the large mixing angles has
been discussed by introducing relevant spurions in U(2) and U(3) flavor model [38]. However, we
do not address details of neutrino mass matrix in this work because its contribution to our result
is negligibly small due to small neutrino masses.

The parameter

Yd = yb




0 0 0

0 0 0

0 0 1



 (30)

??? We can presume the magnitudes of se and ε" from the CKM mixing angles of the quark
sector. In our numerical analysis, we scan se and ε" as variant parameters without fixing in advance
as:

se = 0.01− 0.1 , ε" = 0.01− 0.1 . (31)

These ranges are set to be consistent with the viewpoint of quark sector in Refs. [38, 40].
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Unbroken symmetry

U(2)q
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@
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1

A

After U(2) breaking

Under  symmetryU(2)3 = U(2)Q × U(2)uR
× U(2)dR

The quarks fields are not triplet anymore (all flavours together) but transform

under GF as

Q(2)
= (Q1, Q2

)≥ (2, 1, 1) Q3
≥ (1, 1, 1) (2)

u(2)
= (u1, u2

) ≥ (1, 2, 1) t ≥ (1, 1, 1) (3)

d(2)
= (d1, d2

) ≥ (1, 1, 2) b ≥ (1, 1, 1) (4)

The only term allowed in the limit of unbroken symmetry is

ytQ
3tHc

(5)

While this term clearly break a U(1) symmetry, it is not clear to me whether

U(1)Q3+t still belongs to GF or both U(1)t and U(1)Q3 are given up on.

Mass spurions We can introduce three breaking spurions

V ≥ (2, 1, 1) (6)

�Yu ≥ (2, 2̄, 1) (7)

�Yd ≥ (2, 1, 2̄) (8)

that enters the Yukawa as

Yu = yt

A
�Yu xtV

0 1

B

Yd = yb

A
�Yd xbV

0 1

B

(9)

We can now parametrise our spurions. The leading spurion V can be written

as

V = ‘UV ŝ2 ŝ2 =

A
0

1

B

(10)

where UV is a 2 ◊ 2 special unitary matrix and ‘ is a real parameter of order

O(|Vcb| ¥ 4 ◊ 10
≠2

). The other spurions can be written as

�Yu = U †
Qu

�yuUu (11)

�Yd = U †
Qd

�ydUd (12)

where �yu =diag(⁄u1 , ⁄u2) and �yd =diag(⁄d1 , ⁄d2) and the U ’s are 2 ◊ 2

unitary matrices. By construction ⁄d2 ¥ ms/mb = O(‘) and similarly ⁄d1 ¥

md/mb, ⁄u1 ¥ mu/mt, ⁄u2 ¥ mc/mt . To understand the number of degrees

of freedom, we observe that the most general �Y has 2 ◊ 4 = 8 parameters,

2

Δd
, 

, 

Vq ∼ (2,1,1)
Δd ∼ (2,1,2̄)
Δu ∼ (2,2̄,1)

Vq

 = ( 1, 2, 3)

singlet SU(2) doublet

Barbieri, Isidori, Jones-Perez, 
Lodone, Straub [1105.2296]

=




Ceγ
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V V V ε

3
")

Ceγ
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"





LR

, (25)

where Ceγ, Ceγ
∆ , Ceγ

V , Ceγ
V∆, Ceγ

V V∆ and Ceγ
V V V are also complex parameters of order 1. Since the

Wilson coefficients in Eq. (9) are written in the mass-eigenstate basis of the charged leptons, the
matrix Xeγ in Eq.(25) should be transformed into the diagonal basis of Y in Eq.(24).

The eigenvalues of Yukawa matrix Y in Eq.(24) (ye " yµ " yτ ) are obtained by solving the
eigenvalue equation. For the determinant and trace of Y Y †, one finds in the leading order:

Det [Y Y †] = y2e y
2
µ y

2
τ # Y 6

0 |Cy
∆|4 |Cy|2 c4e δ2e δ′e

2 ,

Tr [Y Y †] = y2e + y2µ + y2τ # Y 2
0 |Cy|2 , (26)

where δe and δ′e are much smaller than 1 to reproduce the charged lepton mass hierarchy. An
expression for y2µy2τ is given by the determinant of the 2-3 submatrix:

y2µ y
2
τ # Y 4

0 |Cy
∆|2 |Cy|2 c2e δ2e . (27)

Then, one gets

y2τ # Y 2
0 |Cy|2 , y2µ # Y 2

0 |Cy
∆|2c2e δ2e , y2e # Y 2

0 |Cy
∆|2c2e δ′e

2 , (28)

which lead to
y2e
y2µ

# δ′e
2

δ2e
,

y2µ
y2τ

# δ2e
|Cy

∆|2
# δ2e . (29)

These ratios indicate δe $ δ′e to reproduce the Yukawa hierarchy of the charged leptons. Especially,
y2e/y

2
µ is independent of other coefficients of order one.

The neutrino mass matrix was given in U(2) flavor model to reproduce observed large mixing
angles of leptons in view of quark-lepton unification [58–60]. Also the large mixing angles has
been discussed by introducing relevant spurions in U(2) and U(3) flavor model [38]. However, we
do not address details of neutrino mass matrix in this work because its contribution to our result
is negligibly small due to small neutrino masses.

The parameter

Yd = yb




0 0 0

0 0 0

0 0 1



 (30)

??? We can presume the magnitudes of se and ε" from the CKM mixing angles of the quark
sector. In our numerical analysis, we scan se and ε" as variant parameters without fixing in advance
as:

se = 0.01− 0.1 , ε" = 0.01− 0.1 . (31)

These ranges are set to be consistent with the viewpoint of quark sector in Refs. [38, 40].
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U(2)q

The quarks fields are not triplet anymore (all flavours together) but transform

under GF as

Q(2)
= (Q1, Q2

)≥ (2, 1, 1) Q3
≥ (1, 1, 1) (2)

u(2)
= (u1, u2

) ≥ (1, 2, 1) t ≥ (1, 1, 1) (3)

d(2)
= (d1, d2

) ≥ (1, 1, 2) b ≥ (1, 1, 1) (4)

The only term allowed in the limit of unbroken symmetry is

ytQ
3tHc

(5)

While this term clearly break a U(1) symmetry, it is not clear to me whether

U(1)Q3+t still belongs to GF or both U(1)t and U(1)Q3 are given up on.

Mass spurions We can introduce three breaking spurions

V ≥ (2, 1, 1) (6)

�Yu ≥ (2, 2̄, 1) (7)

�Yd ≥ (2, 1, 2̄) (8)

that enters the Yukawa as

Yu = yt

A
�Yu xtV

0 1

B

Yd = yb

A
�Yd xbV

0 1

B

(9)

We can now parametrise our spurions. The leading spurion V can be written

as

V = ‘UV ŝ2 ŝ2 =

A
0

1

B

(10)

where UV is a 2 ◊ 2 special unitary matrix and ‘ is a real parameter of order

O(|Vcb| ¥ 4 ◊ 10
≠2

). The other spurions can be written as

�Yu = U †
Qu

�yuUu (11)

�Yd = U †
Qd

�ydUd (12)

where �yu =diag(⁄u1 , ⁄u2) and �yd =diag(⁄d1 , ⁄d2) and the U ’s are 2 ◊ 2

unitary matrices. By construction ⁄d2 ¥ ms/mb = O(‘) and similarly ⁄d1 ¥

md/mb, ⁄u1 ¥ mu/mt, ⁄u2 ¥ mc/mt . To understand the number of degrees

of freedom, we observe that the most general �Y has 2 ◊ 4 = 8 parameters,

2

 = ( 1, 2, 3)

singlet SU(2) doublet

Barbieri, Isidori, Jones-Perez, 
Lodone, Straub [1105.2296]
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: |Δd | ∼ (yd /yb
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: |Vq | ∼ |Vts | ∼ &(10−1)

∼ (&(10−3)
&(10−2))

spurion order :                1 ≫ ≫ ≫ > 0
      &(10−1) &(10−2) &(10−3)

Under  symmetryU(2)3 = U(2)Q × U(2)uR
× U(2)dR

=




Ceγ

∆ ceδ′e −Ceγ
∆ seδe 0

seδ′e(C
eγ
∆ + Ceγ

V V∆ε
2
") ceδe(C

eγ
∆ + Ceγ

V V∆ε
2
") (Ceγ

V ε" + Ceγ
V V V ε

3
")

Ceγ
V∆(seε"δ

′
e) Ceγ

V∆(ceε"δe) Ceγ + Ceγ
V V ε

2
"





LR

, (25)

where Ceγ, Ceγ
∆ , Ceγ

V , Ceγ
V∆, Ceγ

V V∆ and Ceγ
V V V are also complex parameters of order 1. Since the

Wilson coefficients in Eq. (9) are written in the mass-eigenstate basis of the charged leptons, the
matrix Xeγ in Eq.(25) should be transformed into the diagonal basis of Y in Eq.(24).

The eigenvalues of Yukawa matrix Y in Eq.(24) (ye " yµ " yτ ) are obtained by solving the
eigenvalue equation. For the determinant and trace of Y Y †, one finds in the leading order:

Det [Y Y †] = y2e y
2
µ y

2
τ # Y 6

0 |Cy
∆|4 |Cy|2 c4e δ2e δ′e

2 ,

Tr [Y Y †] = y2e + y2µ + y2τ # Y 2
0 |Cy|2 , (26)

where δe and δ′e are much smaller than 1 to reproduce the charged lepton mass hierarchy. An
expression for y2µy2τ is given by the determinant of the 2-3 submatrix:

y2µ y
2
τ # Y 4

0 |Cy
∆|2 |Cy|2 c2e δ2e . (27)

Then, one gets

y2τ # Y 2
0 |Cy|2 , y2µ # Y 2

0 |Cy
∆|2c2e δ2e , y2e # Y 2

0 |Cy
∆|2c2e δ′e

2 , (28)

which lead to
y2e
y2µ

# δ′e
2

δ2e
,

y2µ
y2τ

# δ2e
|Cy

∆|2
# δ2e . (29)

These ratios indicate δe $ δ′e to reproduce the Yukawa hierarchy of the charged leptons. Especially,
y2e/y

2
µ is independent of other coefficients of order one.

The neutrino mass matrix was given in U(2) flavor model to reproduce observed large mixing
angles of leptons in view of quark-lepton unification [58–60]. Also the large mixing angles has
been discussed by introducing relevant spurions in U(2) and U(3) flavor model [38]. However, we
do not address details of neutrino mass matrix in this work because its contribution to our result
is negligibly small due to small neutrino masses.

The parameter

Yd = yb




0 0 0

0 0 0

0 0 1



 (30)

??? We can presume the magnitudes of se and ε" from the CKM mixing angles of the quark
sector. In our numerical analysis, we scan se and ε" as variant parameters without fixing in advance
as:

se = 0.01− 0.1 , ε" = 0.01− 0.1 . (31)

These ranges are set to be consistent with the viewpoint of quark sector in Refs. [38, 40].
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NP with U(2)5

A. Faroughy, Isidori, Wilsch, KY [2005.05366]e.g. Classification SMEFT operators under U(3) and U(2)

2499 in SMEFT reduce number of independent parameters 
flavor symmetry

U(2)5
 and MFVU(3)5 drastic reduction : ~ 25 times smaller

reduction : ~ one order smaller

 The small breaking ensures small effects in rare processes 

 Flavor symmetries are not necessarily fundamental symmetries of UV theory, but 
this effective approach is useful way for systematic NP analysis   

 Interesting implication for phono.

e.g. B-anomalies are compatible with U(2) flavor symmetry Fuentes-Martin, Isidori, Pages, KY 
 [1909.02519]                                     etc.

what about effects on lepton sector, Muon  ?(g − 2)μ

we also discuss EDM, LFV,  electron (g − 2)e

 
Isidori, Pages and Wilsch
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These magnitudes are of order 1
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Complex coefficients

Normal distribution
Average 1
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realNumerical study

Normal distribution 
 - Average 1 
 - Standard deviation 0.25 

δ′ e

δe
≃ ye

yμ

U(2) parameters

 and  are not constrained, but presume from quark sector ϵℓ se

The eigenvalues of Yukawa matrix Y in Eq.(24) (ye ⌧ yµ ⌧ y⌧ ) are obtained by solving the
eigenvalue equation. For the determinant and trace of Y Y †, one finds in the leading order:

Det [Y Y †
] = y2e y

2
µ y

2
⌧ ' |Cy

�|
4
|Cy

|
2 c4e �

2
` �

0
`
2 ,

Tr [Y Y †
] = y2e + y2µ + y2⌧ ' |Cy

|
2 , (26)

where �e and �0e are much smaller than 1 to reproduce the charged lepton mass hierarchy. An
expression for y2µy

2
⌧ is given by the determinant of the 2-3 submatrix:

y2µ y
2
⌧ ' |Cy

�|
2
|Cy

|
2 c2e �

2
` . (27)

Then, one gets

y2⌧ ' |Cy
|
2 , y2µ ' |Cy

�|
2c2e �

2
` , y2e ' |Cy

�|
2c2e �

0
`
2 , (28)

which lead to

y2e
y2µ

'
�0`

2

�2`
,

y2µ
y2⌧

'
�2`

|Cy
�|

2
. (29)

These ratio indicates �` � �0` to reproduce the Yukawa hierarchy of the charged leptons. Especially,
y2e/y

2
µ is independent of other coefficients of order one. The parameters ✏` and se are not constrained

by the charged lepton mass spectrum.
The neutrino mass matrix was discussed in U(2) and U(3) flavor model [38]. Indeed, the large

lepton mixing angles come from the neutrino mass matrix. However, we do not address details
of neutrino mass matrix because its contribution to our result is negligibly small due to small
neutrino masses.

We can presume the magnitudes of se and ✏` from the CKM mixing angles of the quark sector.
In our numerical analysis, we scan se and ✏` as variant parameters without fixing in advance as:

se = 0.01� 0.1 , ✏` = 0.01� 0.1 . (30)

These ranges are set to be consistent with the viewpoint of quark sector in Refs. [38,40].

3.2 Mass-eigenstate basis of the charged leptons

The Yukawa matrix Y in Eq. (24) is diagonalized by the unitary transformation U †
LY UR, where

the unitary matrices are given in terms of 2⇥ 2 orthogonal matrices and phase matrices:

UL = PL23UL23PL13UL13PL12UL12 , UR = PR23UR23PR13UR13PR12UR12 , (31)

where the rotation matrices are

U12 =

0

@
c12 s12 0

�s12 c12 0

0 0 1

1

A , U13 =

0

@
c13 0 s13
0 1 0

�s13 0 c13

1

A , U23 =

0

@
1 0 0

0 c23 s23
0 �s23 c23

1

A , (32)
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Constrain parameters by charged lepton masses  

5  Numerical results

Calculation

take parameter regions which can realize  anomaly(g − 2)μ
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3 Constraints for coefficients
NP parameters :

a, b : real (can be rephased) (3.1)
ae�, be� : complex (relative phase) (3.2)

(3.3)

U(2) parameters:
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e
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me
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' 3⇥ 10�4 (3.4)

�e =
mµ

m⌧

' 6⇥ 10�2 (3.5)

✏` ⇠ 10�1 (3.6)
se ⇠ 10�1 (3.7)
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z

 &  in U(2)(g − 2)μ μ → eγ

 muon  and (g − 2)μ μ → eγ

 
Isidori, Pages and Wilsch
[2111.13724]  

 ϵℓ ∼ 10−1se = &( me /mμ) ∼ 10−1

from muon (g − 2)μ

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
Exp
µ

� a
SM
µ

= (251± 59)⇥ 10�11
. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is

�aµ =
4mµ

e

v
p
2

1

⇤2
Re [C 0

e�
µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2
. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is
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3
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0
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|
2 + |C

0
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|
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◆
. (A.5)

6
The one-loop relation can be found in [175].
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Using this expression, the experimental bound B(µ+
! e

+
�) < 4.2 ⇥ 10�13 (90% C.L.) obtained

by the MEG experiment [165] can be translated into the upper bound

1

⇤2
|C

0
e�

eµ(µe)

| < 2.1⇥ 10�10 TeV�2
. (A.6)

Taking into account Eqs. (A.4) and (A.6), we have the ratio:

������

C
0
e�

eµ(µe)

C 0
e�
µµ

������
< 2.1⇥ 10�5

. (A.7)

B A4 modular symmetry

B.1 Modular flavor symmetry

We briefly review the models with A4 modular symmetry. The modular group �̄ is the group of

linear fractional transformations � acting on the modulus ⌧ , belonging to the upper-half complex

plane as:

⌧ �! �⌧ =
a⌧ + b

c⌧ + d
, where a, b, c, d 2 Z and ad� bc = 1, Im[⌧ ] > 0 , (B.1)

which is isomorphic to PSL(2,Z) = SL(2,Z)/{I,�I} transformation. This modular transforma-

tion is generated by S and T ,

S : ⌧ �! �
1

⌧
, T : ⌧ �! ⌧ + 1 , (B.2)

which satisfy the following algebraic relations,

S
2 = I , (ST )3 = I . (B.3)

We introduce the series of groups �(N), called principal congruence subgroups, where N is the

level 1, 2, 3, . . . . These groups are defined by

�(N) =

⇢✓
a b

c d

◆
2 SL(2,Z) ,

✓
a b

c d

◆
=

✓
1 0

0 1

◆
(modN)

�
. (B.4)

For N = 2, we define �̄(2) ⌘ �(2)/{I,�I}. Since the element �I does not belong to �(N) for

N > 2, we have �̄(N) = �(N). The quotient groups defined as �N ⌘ �̄/�̄(N) are finite modular

groups. In these finite groups �N , TN = I is imposed. The groups �N with N = 2, 3, 4, 5 are

isomorphic to S3, A4, S4 and A5, respectively [31].

Modular forms fi(⌧) of weight k are the holomorphic functions of ⌧ and transform as

fi(⌧) �! (c⌧ + d)k⇢(�)ijfj(⌧) , � 2 �̄ , (B.5)
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−
Cy
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:
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where C3rd is given in terms of third-family parameters as:
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This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:
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where C3rd is given in terms of third-family parameters as:
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This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:
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where C3rd is given in terms of third-family parameters as:
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This factor is of order 1 and does not vanish unless Ce�
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= Cy. It

is remarked that the off-diagonal component of C 0
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are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0
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ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:
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→  suppression by U(2) spurions10−3
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3 Constraints for coefficients
NP parameters :

a, b : real (can be rephased) (3.1)
ae�, be� : complex (relative phase) (3.2)

(3.3)

U(2) parameters:
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In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:
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where C3rd is given in terms of third-family parameters as:
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This factor is of order 1 and does not vanish unless Ce�
V = Cy
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is remarked that the off-diagonal component of C 0
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are not suppresses due to C3rd even if the
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� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:
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✏2` . (42)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�

LR

=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
ee

C
0
e�
eµ

C
0
e�
e⌧

C
0
e�
µe

C
0
e�
µµ

C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].

3

In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:

C
0
e�
ee

= [U †
LX

e�UR]11 ' |Ce�
� |�0e


1

ce
+

s2e
ce
✏2`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆�
+ �0e

s2e
ce
✏2` C3rd ,

C
0
e�
µµ

= [U †
LX

e�UR]22

' |Ce�
� |�e


1

ce
+ ce✏

2
`

✓����
Ce�

V V�

Ce�
�

���� cos (argC
e�
V V�)�

����
Cy

V V�

Cy
�

����
s2e
c2e

cos (argCy
V V�)

◆�

+ i|Ce�
� |ce�e✏

2
`

✓����
Ce�

V V�

Ce�
�

���� sin (argC
e�
V V�)�

����
Cy

V V�

Cy
�

���� sin (argC
y
V V�)

◆
+ ce�e✏

2
` C3rd ,

C
0
e�
eµ

= [U †
LX

e�UR]12 ' |Ce�
� |se�e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�e✏

2
` C3rd ,

C
0
e�
µe

= [U †
LX

e�UR]21 ' |Ce�
� |se�

0
e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�

0
e✏

2
` C3rd , (40)

where C3rd is given in terms of third-family parameters as:

C3rd =
Cy⇤

� Cy
V + Cy⇤

V�C
y

|Cy|2

✓
Ce�

Cy
Cy

V � Ce�
V

◆
+

Cy
V

Cy

✓
Ce�

V

Cy
V

Cy
V� � Ce�

V�

◆
. (41)

This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:

C
0
e�
e⌧

= [U †
LX

e�UR]13 '

✓
Ce�

V �
Ce�

Cy
Cy

V

◆
se
ce
✏` ,

C
0
e�
⌧e

= [U †
LX

e�UR]31 '

✓
Ce�

V� �
Ce�

Cy
Cy

V�

◆
se�

0✏` ,

C
0
e�
µ⌧

= [U †
LX

e�UR]23 '

✓
Ce�

V �
Ce�

Cy
Cy

V

◆
✏` ,

C
0
e�
⌧µ

= [U †
LX

e�UR]32 '

✓
Ce�

V� �
Ce�

Cy
Cy

V�

◆
ce�✏` ,

C
0
e�
⌧⌧

= [U †
LX

e�UR]33 ' Ce�
+

✓
Ce�

V V + Ce�
V

Cy
V

Cy

◆
✏2` . (42)
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In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:

C
0
e�
ee

= [U †
LX

e�UR]11 ' |Ce�
� |�0e


1

ce
+

s2e
ce
✏2`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆�
+ �0e

s2e
ce
✏2` C3rd ,

C
0
e�
µµ

= [U †
LX

e�UR]22

' |Ce�
� |�e


1

ce
+ ce✏

2
`

✓����
Ce�

V V�

Ce�
�

���� cos (argC
e�
V V�)�

����
Cy

V V�

Cy
�

����
s2e
c2e

cos (argCy
V V�)

◆�

+ i|Ce�
� |ce�e✏

2
`

✓����
Ce�

V V�

Ce�
�

���� sin (argC
e�
V V�)�

����
Cy

V V�

Cy
�

���� sin (argC
y
V V�)

◆
+ ce�e✏

2
` C3rd ,

C
0
e�
eµ

= [U †
LX

e�UR]12 ' |Ce�
� |se�e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�e✏

2
` C3rd ,

C
0
e�
µe

= [U †
LX

e�UR]21 ' |Ce�
� |se�

0
e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�

0
e✏

2
` C3rd , (40)

where C3rd is given in terms of third-family parameters as:

C3rd =
Cy⇤

� Cy
V + Cy⇤

V�C
y

|Cy|2

✓
Ce�

Cy
Cy

V � Ce�
V

◆
+

Cy
V

Cy

✓
Ce�

V

Cy
V

Cy
V� � Ce�

V�

◆
. (41)

This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:

C
0
e�
e⌧

= [U †
LX

e�UR]13 '

✓
Ce�

V �
Ce�

Cy
Cy

V

◆
se
ce
✏` ,

C
0
e�
⌧e

= [U †
LX

e�UR]31 '

✓
Ce�

V� �
Ce�

Cy
Cy

V�

◆
se�

0✏` ,

C
0
e�
µ⌧

= [U †
LX

e�UR]23 '

✓
Ce�

V �
Ce�

Cy
Cy

V

◆
✏` ,

C
0
e�
⌧µ

= [U †
LX

e�UR]32 '

✓
Ce�

V� �
Ce�

Cy
Cy

V�

◆
ce�✏` ,

C
0
e�
⌧⌧

= [U †
LX

e�UR]33 ' Ce�
+

✓
Ce�

V V + Ce�
V

Cy
V

Cy

◆
✏2` . (42)
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In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:

C
0
e�
ee

= [U †
LX

e�UR]11 ' |Ce�
� |�0e


1

ce
+

s2e
ce
✏2`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆�
+ �0e

s2e
ce
✏2` C3rd ,

C
0
e�
µµ

= [U †
LX

e�UR]22

' |Ce�
� |�e


1

ce
+ ce✏

2
`

✓����
Ce�

V V�

Ce�
�

���� cos (argC
e�
V V�)�

����
Cy

V V�

Cy
�

����
s2e
c2e

cos (argCy
V V�)

◆�

+ i|Ce�
� |ce�e✏

2
`

✓����
Ce�

V V�

Ce�
�

���� sin (argC
e�
V V�)�

����
Cy

V V�

Cy
�

���� sin (argC
y
V V�)

◆
+ ce�e✏

2
` C3rd ,

C
0
e�
eµ

= [U †
LX

e�UR]12 ' |Ce�
� |se�e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�e✏

2
` C3rd ,

C
0
e�
µe

= [U †
LX

e�UR]21 ' |Ce�
� |se�

0
e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�

0
e✏

2
` C3rd , (40)

where C3rd is given in terms of third-family parameters as:

C3rd =
Cy⇤

� Cy
V + Cy⇤

V�C
y

|Cy|2

✓
Ce�

Cy
Cy

V � Ce�
V

◆
+

Cy
V

Cy

✓
Ce�

V

Cy
V

Cy
V� � Ce�

V�

◆
. (41)

This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:

C
0
e�
e⌧

= [U †
LX

e�UR]13 '

✓
Ce�

V �
Ce�

Cy
Cy

V

◆
se
ce
✏` ,

C
0
e�
⌧e

= [U †
LX

e�UR]31 '

✓
Ce�

V� �
Ce�

Cy
Cy

V�

◆
se�

0✏` ,

C
0
e�
µ⌧

= [U †
LX

e�UR]23 '

✓
Ce�

V �
Ce�

Cy
Cy

V

◆
✏` ,

C
0
e�
⌧µ

= [U †
LX

e�UR]32 '

✓
Ce�

V� �
Ce�

Cy
Cy

V�

◆
ce�✏` ,

C
0
e�
⌧⌧

= [U †
LX

e�UR]33 ' Ce�
+

✓
Ce�

V V + Ce�
V

Cy
V

Cy

◆
✏2` . (42)
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se

ce
ϵ2

ℓ
Ceγ

VVΔ
Ceγ

Δ
−

Cy
VVΔ
Cy

Δ
+ C3rd

Ceγ
Δ

< 2.1 × 10−5
from muon (g − 2)μ

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
Exp
µ

� a
SM
µ

= (251± 59)⇥ 10�11
. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is

�aµ =
4mµ

e

v
p
2

1

⇤2
Re [C 0

e�
µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2
. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is

B(`r ! `s�) =
m

3
`r
v
2

8⇡�`r

1

⇤4

✓
|C

0
e�
rs

|
2 + |C

0
e�
sr

|
2

◆
. (A.5)

6
The one-loop relation can be found in [175].
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Using this expression, the experimental bound B(µ+
! e

+
�) < 4.2 ⇥ 10�13 (90% C.L.) obtained

by the MEG experiment [165] can be translated into the upper bound

1

⇤2
|C

0
e�

eµ(µe)

| < 2.1⇥ 10�10 TeV�2
. (A.6)

Taking into account Eqs. (A.4) and (A.6), we have the ratio:

������

C
0
e�

eµ(µe)

C 0
e�
µµ

������
< 2.1⇥ 10�5

. (A.7)

B A4 modular symmetry

B.1 Modular flavor symmetry

We briefly review the models with A4 modular symmetry. The modular group �̄ is the group of

linear fractional transformations � acting on the modulus ⌧ , belonging to the upper-half complex

plane as:

⌧ �! �⌧ =
a⌧ + b

c⌧ + d
, where a, b, c, d 2 Z and ad� bc = 1, Im[⌧ ] > 0 , (B.1)

which is isomorphic to PSL(2,Z) = SL(2,Z)/{I,�I} transformation. This modular transforma-

tion is generated by S and T ,

S : ⌧ �! �
1

⌧
, T : ⌧ �! ⌧ + 1 , (B.2)

which satisfy the following algebraic relations,

S
2 = I , (ST )3 = I . (B.3)

We introduce the series of groups �(N), called principal congruence subgroups, where N is the

level 1, 2, 3, . . . . These groups are defined by

�(N) =

⇢✓
a b

c d

◆
2 SL(2,Z) ,

✓
a b

c d

◆
=

✓
1 0

0 1

◆
(modN)

�
. (B.4)

For N = 2, we define �̄(2) ⌘ �(2)/{I,�I}. Since the element �I does not belong to �(N) for

N > 2, we have �̄(N) = �(N). The quotient groups defined as �N ⌘ �̄/�̄(N) are finite modular

groups. In these finite groups �N , TN = I is imposed. The groups �N with N = 2, 3, 4, 5 are

isomorphic to S3, A4, S4 and A5, respectively [31].

Modular forms fi(⌧) of weight k are the holomorphic functions of ⌧ and transform as

fi(⌧) �! (c⌧ + d)k⇢(�)ijfj(⌧) , � 2 �̄ , (B.5)
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from μ → eγ



 &  in U(2)(g − 2)μ μ → eγ

 muon  and (g − 2)μ μ → eγ

5eγ
ee = [U†

LXeγUR]11 ≃ |Ceγ
Δ |δ′ e [ 1

ce
+ s2

e

ce
ϵ2

ℓ ( Ceγ
VVΔ

Ceγ
Δ

−
Cy

VVΔ
Cy

Δ )] + δ′ e
s2
e

ce
ϵ2

ℓ C3rd

≃ |Ceγ
Δ |seδeϵ2

ℓ ( Ceγ
VVΔ

Ceγ
Δ

−
Cy

VVΔ
Cy

Δ ) + seδeϵ2
ℓ C3rd

3rd generation effects 

In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:

C
0
e�
ee

= [U †
LX

e�UR]11 ' |Ce�
� |�0e


1

ce
+

s2e
ce
✏2`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆�
+ �0e

s2e
ce
✏2` C3rd ,

C
0
e�
µµ

= [U †
LX

e�UR]22

' |Ce�
� |�e


1

ce
+ ce✏

2
`

✓����
Ce�

V V�

Ce�
�

���� cos (argC
e�
V V�)�

����
Cy

V V�

Cy
�

����
s2e
c2e

cos (argCy
V V�)

◆�

+ i|Ce�
� |ce�e✏

2
`

✓����
Ce�

V V�

Ce�
�

���� sin (argC
e�
V V�)�

����
Cy

V V�

Cy
�

���� sin (argC
y
V V�)

◆
+ ce�e✏

2
` C3rd ,

C
0
e�
eµ

= [U †
LX

e�UR]12 ' |Ce�
� |se�e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�e✏

2
` C3rd ,

C
0
e�
µe

= [U †
LX

e�UR]21 ' |Ce�
� |se�

0
e✏

2
`

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

◆
+ se�

0
e✏

2
` C3rd , (40)

where C3rd is given in terms of third-family parameters as:

C3rd =
Cy⇤

� Cy
V + Cy⇤

V�C
y

|Cy|2

✓
Ce�

Cy
Cy

V � Ce�
V

◆
+

Cy
V

Cy

✓
Ce�

V

Cy
V

Cy
V� � Ce�

V�

◆
. (41)

This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:

C
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e�
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✏` ,

C
0
e�
⌧e
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◆
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e�
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= [U †
LX

e�UR]32 '

✓
Ce�

V� �
Ce�

Cy
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ce�✏` ,

C
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= [U †
LX

e�UR]33 ' Ce�
+

✓
Ce�

V V + Ce�
V

Cy
V

Cy

◆
✏2` . (42)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�

LR

=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
ee

C
0
e�
eµ

C
0
e�
e⌧

C
0
e�
µe

C
0
e�
µµ

C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].

3

In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:

C
0
e�
ee

= [U †
LX

e�UR]11 ' |Ce�
� |�0e


1

ce
+

s2e
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✏2`

✓
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�
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C
0
e�
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= [U †
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
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2
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�

���� cos (argC
e�
V V�)�

����
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�

����
s2e
c2e

cos (argCy
V V�)

◆�

+ i|Ce�
� |ce�e✏

2
`

✓����
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V V�

Ce�
�

���� sin (argC
e�
V V�)�

����
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�

���� sin (argC
y
V V�)

◆
+ ce�e✏

2
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C
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= [U †
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2
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2
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C
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2
`

✓
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V V�
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V V�

Cy
�

◆
+ se�

0
e✏

2
` C3rd , (40)

where C3rd is given in terms of third-family parameters as:

C3rd =
Cy⇤

� Cy
V + Cy⇤

V�C
y

|Cy|2

✓
Ce�

Cy
Cy

V � Ce�
V

◆
+

Cy
V

Cy

✓
Ce�

V

Cy
V

Cy
V� � Ce�

V�

◆
. (41)

This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:
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0
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◆
✏2` . (42)
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In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:

C
0
e�
ee
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` C3rd , (40)

where C3rd is given in terms of third-family parameters as:

C3rd =
Cy⇤
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V + Cy⇤

V�C
y
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V � Ce�
V
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+
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◆
. (41)

This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:
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In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †

LX
e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are

given as:
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where C3rd is given in terms of third-family parameters as:
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This factor is of order 1 and does not vanish unless Ce�
V = Cy

V , Ce�
V� = Cy

V� and Ce�
= Cy. It

is remarked that the off-diagonal component of C 0
e�

eµ(µe)

are not suppresses due to C3rd even if the

alignment Ce�
V�/C

e�
� = Cy

V�/C
y
� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0

e�
ee

in Eq. (40).
The Wilson coefficients with respect to the third-family are given as:
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Figure 11. The frequency distribution of the
predicted B(µ ! e�) with imposing the upper-
bounds of ⌧ ! µ� decay and the electron EDM.
The grey region is excluded by the experimental
data of B(µ ! e�).

Figure 12. The frequency distribution of the pre-
dicted B(⌧ ! µ�) with imposing the upper-bound
of the µ ! e� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! µ�).

Figure 13. The orange (blue) frequency distribu-
tion of the predicted B(⌧ ! e�) with (without)
imposing the upper-bounds of the µ ! e� de-
cay, ⌧ ! µ� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! e�).

Figure 14. The orange (blue) frequency distri-
bution of the predicted electron EDM [e cm] with
(without) imposing the µ ! e� decay and ⌧ ! µ�

decay. The grey region is excluded by the experi-
mental data of the electron EDM.

5 Summary and discussions
We have studied the interplay of NP among the lepton magnetic moments, LFV and the electron
EDM in the light of recent data of the muon (g � 2)µ. The NP is discussed in the leptonic dipole
operator with the U(2)LL ⌦ U(2)ER flavor symmetry of the charged leptons, where possible CP

17

The angular distribution with respect to the muon polarization can distinguish between µR ! eL�

and µL ! eR� [63].
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Figure 1. |C
0
e�
eµ

| in 1/⇤2 [TeV�2] unit versus ✏`,

where se = 0.03 is put and the grey region is ex-
cluded by the experiment of µ ! e�.

Figure 2. |C
0
e�
µe

| in 1/⇤2 [TeV�2] unit versus ✏`,

where se = 0.03 is put and the grey region is ex-
cluded by the experiment of µ ! e�.

Figure 3. |C
0
e�
eµ

| in 1/⇤2 [TeV�2] unit versus ✏`

for case (a) (excluding third-family contribution),
where se = 0.03 is put and the grey region is ex-
cluded by the experiment of µ ! e�.

Figure 4. |C
0
e�
eµ

| in 1/⇤2 [TeV�2] unit versus ✏` for

case (b) (excluding first- and second family con-
tribution ), where se = 0.03 is put and the grey
region is excluded by the experiment of µ ! e�.

In order to see the contribution of the third-family to C
0
e�
eµ

, we show the magnitude of C 0
e�
eµ

for

both cases of alignment of coefficients (a) Ce�
V = Cy

V , Ce�
V� = Cy

V�, Ce�
= Cy and (b) Ce�

V�/C
e�
� =

Cy
V�/C

y
�. The case (a) corresponds to the case excluding the third-family contribution and (b) to

the case excluding the first- and second-family contribution. The numerical results are presented
in Fig. 3 for case (a) and Fig. 4 for case (b). Thus, the third-family contribution is comparable or
rather large compared with the one from the first- and second-family.
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In order to see the correlation between |C
0
e�
eµ

| and |C
0
e�
µ⌧

|, we plot their predictions in Fig. 7. It

is found that the allowed region is restricted. In the next subsection, we discuss the expectation
value of µ ! e� and ⌧ ! µ�.

We also show the predicted region of |C
0
e�
e⌧

| versus |C
0
e�
µ⌧

| in Fig. 8. The magnitude of C
0
e�
e⌧

is

almost proportional to |C
0
e�
eµ

|. The prediction of C 0
e�
e⌧

is still low in one order compared with the

experimental upper-bound. It is noted that C 0
e�
⌧e

is suppressed in �0e as seen in Eq. (42). We omit a
figure for this process.

4.3 Predictions of EDM

In the allowed region of ✏` and se in Fig. 6, we discuss the EDM of the charged leptons. The
electron EDM comes from the imaginary part of C 0

e�
ee

. The magnitude is estimated approximately

from Eq. (40). This ratio is bounded by the observed constraints in Eqs. (11) and(18) as:
������

Im C
0
e�
ee

Re C 0
e�
µµ

������
' s2e

�0

�
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✓
Ce�
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�
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V V�
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�

+
C3rd

|Ce�
� |

◆
< 1.8⇥ 10

�8 . (54)

By putting ✏` = 0.03 and se = 0.03 with �0e/�e ' me/mµ in Eq. (53), the factor in front of middle
side equation, s2e✏2`�0/� is 4 ⇥ 10

�9. Thus, the ratio is possibly predicted to be O(10
�8
), which

corresponds to |de| ⇠ 10
�30

e cm. We expect it to be detectable in the near future.
We show the plot of Im C

0
e�
ee

versus C
0
e�
eµ

in Fig. 9. Since we have a ratio approximately:

Im C
0
e�
ee

|C 0
e�
eµ

|
'

se
ce

�0

�

Im

⇣
Ce�

V V �
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�
�
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+
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� |

⌘

���C
e�
V V �
Ce�

�
�
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V V �
Cy

�
+

C3rd
|Ce�

� |

���
, (55)

we estimate it to be O(10
�4
), which is confirmed in Fig. 9. The predicted electron EDM is below

the experimental upper-bound after taking account of the upper-bound of B(µ ! e�). In the next
subsection, we discuss the expectation value of the electron EDM.

We also present the predicted region of EDMs of muon and tauon in Fig. 10. Those are
still far from the present experimental upper-bounds, |dµ| < 1.8 ⇥ 10

�19
e cm [21] and |d⌧ | <

1.85⇥ 10
�17

e cm [24] as seen in Eqs. (4) and (6).
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Figure 11. The frequency distribution of the
predicted B(µ ! e�) with imposing the upper-
bounds of ⌧ ! µ� decay and the electron EDM.
The grey region is excluded by the experimental
data of B(µ ! e�).

Figure 12. The frequency distribution of the pre-
dicted B(⌧ ! µ�) with imposing the upper-bound
of the µ ! e� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! µ�).

Figure 13. The orange (blue) frequency distribu-
tion of the predicted B(⌧ ! e�) with (without)
imposing the upper-bounds of the µ ! e� de-
cay, ⌧ ! µ� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! e�).
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Figure 14. The orange (blue) frequency distri-
bution of the predicted electron EDM [e cm] with
(without) imposing the µ ! e� decay and ⌧ ! µ�

decay. The grey region is excluded by the experi-
mental data of the electron EDM.

5 Summary and discussions
We have studied the interplay of NP among the lepton magnetic moments, LFV and the electron
EDM in the light of recent data of the muon (g � 2)µ. The NP is discussed in the leptonic dipole
operator with the U(2)LL ⌦ U(2)ER flavor symmetry of the charged leptons, where possible CP

17

is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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value of Eq.(A.2), the real part of the Wilson coe�cient of the muon C
0
e�
µµ

has been obtained as

seen in Eq.(A.4) [19]. Now, we can estimate the magnitude of the electron (g � 2)e anomaly by

using the relation in Eq.(4.1) as:
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where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give
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= 1159 652 180.73(28)⇥ 10�12
, (4.3)

while the SM prediction crucially depends on the input value for the fine-structure constant ↵.

Two latest determination [163,164] based on Cesium and Rubidium atomic recoils di↵er by more

than 5�. Those observations lead to the di↵erence from the SM prediction
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Our predicted value is small of one order compared with the present observed one at present. We

wait for the precise observation of the fine structure constant to test our framework.

4.2 (g � 2)µ and µ ! e�

The NP in the LFV process is severely constrained by the experimental bound B(µ+
! e

+
�) <

4.2 ⇥ 10�13 in the MEG experiment [165]. We can discuss the correlation between the anomaly

of the muon (g � 2)µ and the LFV process µ ! e� by using the Wilson coe�cients in Eqs.(3.18)

and (3.19). The ratio is given as:
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Let us introduce small parameters �↵, �� and �� as follows:
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models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen
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symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The paper is organized as follows.

2 A4 modular symmetry and flavor of quarks and leptons

2.1 Modular flavor symmetry

The modular group Γ̄ is the group of linear fractional transformations γ acting on the modulus τ ,
belonging to the upper-half complex plane as:

τ −→ γτ =
aτ + b

cτ + d
, where a, b, c, d ∈ Z and ad− bc = 1, Im[τ ] > 0 , (2)

which is isomorphic to PSL(2,Z) = SL(2,Z)/{I,−I} transformation. This modular transformation
is generated by S and T ,

S : τ −→ −1

τ
, T : τ −→ τ + 1 , (3)

which satisfy the following algebraic relations,

S2 = I , (ST )3 = I . (4)

We introduce the series of groups Γ(N), called principal congruence subgroups, where N is the
level 1, 2, 3, . . . . These groups are defined by

Γ(N) =

{(
a b
c d

)
∈ SL(2,Z) ,

(
a b
c d

)
=

(
1 0
0 1

)
(modN)

}
. (5)

For N = 2, we define Γ̄(2) ≡ Γ(2)/{I,−I}. Since the element −I does not belong to Γ(N) for N > 2,
we have Γ̄(N) = Γ(N). The quotient groups defined as ΓN ≡ Γ̄/Γ̄(N) are finite modular groups. In
these finite groups ΓN , TN = I is imposed. The groups ΓN with N = 2, 3, 4, 5 are isomorphic to S3,
A4, S4 and A5, respectively [?].

Modular forms fi(τ) of weight k are the holomorphic functions of τ and transform as

fi(τ) −→ (cτ + d)kρ(γ)ijfj(τ) , γ ∈ Γ̄ , (6)

under the modular symmetry, where ρ(γ)ij is a unitary matrix under ΓN .
Under the modular transformation of Eq. (2), chiral superfields ψi (i denotes flavors) with weight

−k transform as [?],
ψi −→ (cτ + d)−kρ(γ)ijψj . (7)

We study global SUSY models. The superpotential which is built from matter fields and modular
forms is assumed to be modular invariant, i.e., to have a vanishing modular weight. For given
modular forms this can be achieved by assigning appropriate weights to the matter superfields.

The kinetic terms are derived from a Kähler potential. The Kähler potential of chiral matter
fields ψi with the modular weight −k is given simply by

1

[i(τ̄ − τ)]k

∑

i

|ψi|2, (8)

3

modular transformation
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Modular symmetry            Discrete symmetry≃

← neutrino large mixing angle

value of Eq.(A.2), the real part of the Wilson coe�cient of the muon C
0
e�
µµ

has been obtained as

seen in Eq.(A.4) [19]. Now, we can estimate the magnitude of the electron (g � 2)e anomaly by

using the relation in Eq.(4.1) as:

�ae =
4me

e

v
p
2

1

⇤2
Re [C 0

e�
ee
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, (4.2)

where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give

a
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= 1159 652 180.73(28)⇥ 10�12
, (4.3)

while the SM prediction crucially depends on the input value for the fine-structure constant ↵.

Two latest determination [163,164] based on Cesium and Rubidium atomic recoils di↵er by more

than 5�. Those observations lead to the di↵erence from the SM prediction
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= (4.8± 3.0)⇥ 10�13
. (4.4)

Our predicted value is small of one order compared with the present observed one at present. We

wait for the precise observation of the fine structure constant to test our framework.

4.2 (g � 2)µ and µ ! e�

The NP in the LFV process is severely constrained by the experimental bound B(µ+
! e

+
�) <

4.2 ⇥ 10�13 in the MEG experiment [165]. We can discuss the correlation between the anomaly

of the muon (g � 2)µ and the LFV process µ ! e� by using the Wilson coe�cients in Eqs.(3.18)

and (3.19). The ratio is given as:

������
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Let us introduce small parameters �↵, �� and �� as follows:

�̃e
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=
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= 1 +
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�̃e

�̃e(m)
=

�̃e(m) + c�
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�̃e(m)
⌘ 1 + �� , (4.6)
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< 2.1 × 10−5

where c↵, c� and c� are tiny contributions from the unknown mode of m in Eq.(2.1). Putting the

experimental bound of this ratio in Eq.(A.7) with Eq.(3.17), we obtain
�����1�

↵̃e

↵̃e(m)

�̃e(m)

�̃e

����� ' |�� � �↵| < 1.4⇥ 10�3
, (4.7)

which suggests

|�↵| < O(10�3) , |��| < O(10�3) , (4.8)

without tuning between �↵ and ��. Thus, additional contributions to ↵̃e(m) and �̃e(m) are at most

O(10�3).

It is emphasized that the NP signal of the µ ! e� process comes from the operator ēR�µ⌫µL

mainly in our scheme. The angular distribution with respect to the muon polarization can distin-

guish between µ
+
! e

+
L
� and µ

+
! e

+
R
� [166].

Let us consider the correlation among the LFV processes µ ! e�, ⌧ ! µ� and ⌧ ! e�. Since

it depends on �↵, �� and ��, we consider two cases for these parameters. The first one is the case

that the additional unknown mode of m is the Higgs-like mode, that is, �↵ ⇠ �� ⇠ ��. Then, we

obtain ratios of the Wilson coe�cients by using Eq.(3.18) as:

C
0
e�
⌧e

C 0
e�
µe

=
1
p
3
⇥O(1) ,

C
0
e�
⌧e

C 0
e�
⌧µ

=
�̃e

↵̃e

⇥O(1) ⇠ 10�2
, (4.9)

where the numerical value in Eq.(3.17) is put. The decay rates are calculated in terms of Wilson

coe�cients as seen in Eq.(A.5). In this case, we have B(⌧ ! µ�) : B(⌧ ! e�) : B(µ ! e�) ⇠

104 : 1 : 10, where we take account of the kinematical factor. Since the present upper bounds

of B(⌧ ! e�) and B(⌧ ! µ�) are 3.3 ⇥ 10�8 and 4.4 ⇥ 10�8 [167], respectively, we expect the

experimental test of this prediction for ⌧ ! µ� in the future.

Another case is that unknown mode of m is the flavor blind one, that is c↵ = c� = c� = c in

Eq.(4.6). Therefore, we have |��| � |�↵| � |��| due to the hierarchy of �̃e(m) ⌧ ↵̃e(m) ⌧ �̃�(m).

We obtain the Wilson coe�cients by using Eq.(3.18):
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=

p
3

2
(1�

p
3)↵̃e

✓
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1 + ��

1 + �↵

◆
'

p
3

2
(1�

p
3)↵̃e�↵ ,

C
0
e�
⌧e

=

p
3

2
(1�

p
3)�̃e

✓
1 +

1 + �↵

1 + ��
� 2

1 + ��

1 + ��

◆
'

p
3

2
(1�

p
3)�̃e(�↵ + ��) ,

C
0
e�
µe

=
3

2
(1�

p
3)�̃e

✓
1�

1 + �↵

1 + ��

◆
'

3

2
(1�

p
3)�̃e(�� � �↵) . (4.10)

Therefore, ratios of the Wilson coe�cients are expected as:

C
0
e�
⌧e

C 0
e�
µe

'
1
p
3
,

C
0
e�
⌧e

C 0
e�
⌧µ

'
�̃e��

↵̃e�↵
'

�̃e
c

�̃e(m)

↵̃e
c

↵̃e(m)

' 1 . (4.11)

It results in B(⌧ ! µ�) : B(⌧ ! e�) : B(µ ! e�) ⇠ 1 : 1 : 10 for the case of c↵ = c� = c� = c.
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Summary

→ Flavor symmetry  

Possible NP : 

enhancement mechanism or Light NP particle

NP for muon g-2 anomaly can also lead to potentially effect in leptonic 
EDMs and LFV 

strongly constrained by low energy physics and LHC search

Flavor symmetry ?

Intensity frontier is crucial to probe NP

→ need strong alignment in flavor space 

Muon g-2 anomaly provides the most longstanding hint of New Physics


